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LC SLANT HELIX ON HYPERSURFACES IN MINKOWSKI SPACE En+1
1
SIDDIKA ÖZKALDI1 , İSMAİL GÖK1 , YUSUF YAYLI1 , H. HİLMİ HACISALİHOG̈LU1
Abstract. In this paper we give the definition of a LC slant helix for a non-null curve lying
on a hypersurface in En+1
by using the Levi Civita’s notion of parallel vector field. Also we
1
define a vector field D which we called Darboux vector field of LC slant helix on a hypersurface
in En+1
. Morever we give some basic properties and characterization of LC slant helices.
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1. Introduction
A curve of constant slope or general helix in Euclidean 3−space E3 , is defined by the property
that the tangent makes a constant angle with a fixed straight line (the axis of the general helix).
A classical result stated by Lancret in 1802 and first proved by de Saint Venant in 1845 ([15]) is:
A necessary and sufficient condition that a curve be a general helix is that the ratio of curvature
to torsion be constant. If both of k1 and k2 are non-zero constants it is, of course, a general
helix. It is known that straight line and circle are degenerate helix examples. (k1 = 0, if the
curve is straight line and k2 = 0, if the curve is a circle)([8]).
The notion of a generalized helix can be generalized to higher dimensions in many ways. In[13]
the same definition is proposed but in En . In [5] the definition which was defined by Hayden is
more restrictive: the fixed direction makes a constant angle with all the vectors of the Frenet
frame. This definition only works in the odd dimensional case. Moreover, in the same reference,
it is proved that the definition is equivalent to the fact that the ratios kkn−1
, kn−3 , ..., kk21 being the
n−2 kn−4
curvatures, are constant. This statement is related with the Lancret Theorem for generalized
helices in E3 (the ratio of torsion to curvature is constant). In [10] the curves in En for which
all the ratios kkn−1
, kn−3 , ..., kk12 are constant which was called ccr curves. In the same reference,
n−2 kn−4
it is shown that in the even dimensional case, a curve has constant curvature ratios if and only
if its tangent indicatrix is a geodesic in the flat torus.
Izumiya and Takeuchi defined a new kind of helix which is called slant helix([7]) and they gave
a characterization of slant helices in Euclidean 3−space E3 .Then Kula and Yaylı investigated
spherical images the tangent indicatrix and binormal indicatrix of a slant helix ([9]). Morever,
they gave a characterization for slant helices in E3 : “For involute of a curve γ, γ is a slant
helix if and only if its involute is a general helix”. In 2008, Önder et al. defined a new kind
of slant helix in Euclidean 4−space E4 which they called B2 −slant helix and they gave some
characterizations of this slant helix in Euclidean 4−space E4 ([11]).
In this paper, we give the definition of a LC slant helix for a non-null curve lying on a
hypersurface in En+1
by using the Levi Civita’s notion of parallel vector field, as follows:
1
hVn , Xi = constant,
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where Vn is n−th Frenet vector field of the curve and X is Levi Civita’s notion of parallel vector
field. Also we give a definition of harmonic curvatures functions in terms of Vn , and we define
a new vector field D which we called Darboux vector field of LC slant helix on a hypersurface
in En+1
Morever we give some basic properties and characterization of LC slant helices.
1
2. Preliminaries
Let E1n+1 be the (n + 1) dimensional pseudo-Euclidean space with index 1 endowed with the
indefinite inner product given by
g(x, y) = −x1 y1 +

n+1
X

xi yi ,

i=2

where x = (x1 , x2 , · · · , xn+1 ), y = (y1 , y2 , · · · , yn+1 ) is the usual coordinate system. Let M be
a hypersurface in E1n+1 and p be a point on M and v ∈ Tp M a tangent vector. Then v is
said to be spacelike, timelike or null according to g(v, v) > 0, g(v, v) < 0, or g(v, v) = 0 and
v 6= 0, respectively. Notice that the vector v = 0 is spacelike. The category into which a given
tangent vector falls is called its causal character. These definitions can be generalized for curves
as follows. A curve α on M is said to be spacelike if all of its velocity vectors α0 are spacelike,
similarly for timelike and null([1]).
Let us recall from [14, 6] the definition of the Frenet frame and curvatures.
Let M be a hypersurface in E1n+1 and α : I ⊂ R → M be non-null curve on M . A non-null
curve α(s) is said to be a unit speed curve if g (α0 (s), α0 (s)) = ε0 , (ε0 being +1 or -1 according
to α is spacelike or timelike respectively). Let {V1 , V2 , ..., Vn } be the moving Frenet frame along
the unit speed curve α, where Vi (i = 1, 2, ..., n) denote ith Frenet vector fields and ki be ith
curvature functions of the curve (i = 1, 2, ..., n − 1). Then the Frenet formulas are given by
∇V1 V1 = k1 V2 ,
∇V1 Vi = −εi−2 εi−1 ki−1 Vi−1 + ki Vi+1 ,
∇V1 Vn = −εn−2 εn−1 kn−1 Vn−1

(1)
1<i<n

where g (Vi , Vi ) = εi−1 , and ∇ is the Levi-Civita connection of M.
Let M be a hypersurface in E1n+1 with the Levi-Civita connection ∇ and suppose α : I ⊂ R →
M is non-null curve on M . For any tangent vector X at α (s) is said to be a Levi Civita’s
notion of parallel vector field on M of a direction along a curve if ∇V1 X = 0. Also, the Levi
Civita’s notion of parallel vector field has constant lenght([4]).
3. LC slant helix on hypersurfaces in Minkowski space
In this section we define LC slant helices on hypersurfaces in Minkowski space and we give
some characterizations for LC slant helices on hypersurfaces in the same space.
Definition 3.1. Let M be a hypersurface in E1n+1 and α : I ⊂ R → M be non-null curve on
M. A non-null curve α(s) is said to be a LC slant helix if there exists a Levi Civita’s notion of
parallel vector field X on M such that g(Vn , X) is a constant function. Any line parallel this
direction X is called the axis of the LC slant helix.
Definition 3.2. Let M be a hypersurface in E1n+1 and α : I ⊂ R → M be a unit speed on M.
Harmonic curvatures of α is defined by
Hi : I ⊂ R → R,
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(2)

H1 = εn−3 εn−2

kn−1
,
kn−2

Hi = (kn−i Hi−2 − ∇V1 Hi−1 )

εn−(i+2) εn−(i+1)
,
kn−(i+1)

2 ≤ i ≤ n − 2,

where k1 , k2 , ..., kn−1 are curvatures functions of the curve α which are not necessarily constant.
Theorem 3.3. Let M be a hypersurface in E1n+1 and α : I ⊂ R → M be a unit speed LC slant
helix. Let {V1 , V2 , ..., Vn }, {H1 , H2 , ..., Hn−2 } be denote the Frenet frame and the higher ordered
harmonic curvatures of the curve, respectively. Then the following equation is holds
g(Vn−(i+1) , X) = Hi g(Vn , X),

1 ≤ i ≤ n − 2,

(3)

where X is axis of the LC slant helix.
Proof.We use mathematical induction on i. Since X is axis of the LC slant helix α, we get
X = λ1 V1 + λ2 V2 + ... + λn Vn .
From the definition of LC slant helix we have
g(Vn , X) = λn εn−1

(4)

By taking the derivative of (4) and applying the Frenet formulas twice we obtain
g(Vn−1 , X) = 0,

(5)

g(Vn−2 , X) = H1 g(Vn , X).
respectively. Hence it is shown that (3) is true for i = 1. We now assume (3) is true for the first
i − 1. Then we have
g(Vn−i , X) = Hi−1 g(Vn , X).

(6)

By taking the derivative of (6) and applying the Frenet formulas, we get
−εn−i−2 εn−i−1 kn−i−1 g(Vn−i−1 , X) + kn−i g(Vn−i+1 , X) = ∇V1 Hi−1 g(Vn , X).
By using the our induction hypothesis, g(Vn−i+1 , X) = Hi−2 g(Vn , X), we have
(kn−i Hi−2 − ∇V1 Hi−1 )

εn−(i+2) εn−(i+1)
g(Vn , X) = g(Vn−(i+1) , X),
kn−(i+1)

it follows that
g(Vn−(i+1) , X) = Hi g(Vn , X).
Theorem 3.4. Let M be a hypersurface in E1n+1 and non-null curve α : I ⊂ R → M be
a unit speed LC slant helix with Frenet vector fields {V1 , V2 , ..., Vn }, and harmonic curvatures
{H1 , H2 , ..., Hn−2 }. If X is axis of the LC slant helix α on M, then


n−2
X
X = g(Vn , X) 
Hj Vn−(j+1) εn−(j+2) + εn−1 Vn  .
j=1

Proof.If the axis of the LC slant helix α on M is X, then we can write
X=

n
X
i=1

λi Vi .
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By using the Theorem(3.3) we have
λ1 = ε0 Hn−2 g(Vn , X),
λ2 = ε1 Hn−3 g(Vn , X),
..
.
λn−2 = εn−3 H1 g(Vn , X),
λn−1 = 0,
λn = εn−1 g(Vn , X).
Thus we can easily obtain





n−2
X

X = g(Vn , X) 

(7)

Hj Vn−(j+1) εn−(i+2) + εn−1 Vn  .

j=1

Corollary 3.5. Let M be a hypersurface in E1n+1 and non-null curve α : I ⊂ R → M be
a unit speed LC slant helix with Frenet vector fields {V1 , V2 , ..., Vn }, and harmonic curvatures
n−2
P
{H1 , H2 , ..., Hn−2 }. If α LC slant helix, then
εn−(i+2) Hi2 = c, where c is any constant.
i=1

Proof. Let α be generalized LC slant helix with the arc length parameter s .Since X is a unit
Levi Civita’s notion of parallel vector field and from Theorem(3.3) we obtain


n−2
X
(g(Vn , X))2 εn−1 +
εn−(j+2) Hj2  = 1.
(8)
j=1

Thus we get
n−2
X

εn−(j+2) Hj2 =

j=1

1 − εn−1 λ2n
.
λ2n

for some non zero constant λn .
Definition 3.6. Let M be a hypersurface in E1n+1 and non-null curve α : I ⊂ R → M be a unit
speed non- degenerate curve with Frenet vector fields {V1 , V2 , ..., Vn }, and harmonic curvatures
{H1 , H2 , ..., Hn−2 }. The vector
D=

n−2
X

Hj Vn−(j+1) εn−(j+2) + εn−1 Vn

j=1

is called the Darboux vector of the curve α.
Theorem 3.7. Let M be a hypersurface in E1n+1 and non-null curve α : I ⊂ R → M be a unit
speed curve with Frenet vector fields {V1 , V2 , ..., Vn }, and harmonic curvatures {H1 , H2 , ..., Hn−2 }.
Then α is a LC slant helix if and only if
D=

n−2
X

Hj Vn−(j+1) εn−(j+2) + εn−1 Vn

j=1

is Levi Civita’s notion of parallel vector field.
Proof. Suppose that α is LC slant helix on M and X is axis of α. From Corollary(3.5), we
get


n−2
X
Hj Vn−(j+1) εn−(j+2) + εn−1 Vn 
(9)
X = g(Vn , X) 
j=1
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By taking the derivative of (9), and using the definition of the Levi Civita’s notion of parallel
vector field we can easily obtain
∇V1 D = 0.
Thus D is Levi Civita’s notion of parallel vector field.
Conversely, since D is Levi Civita’s notion of parallel vector field then kDk = constant. We
consider the normalisation of the Levi Civita’s notion of parallel vector field as follows
1
X=
D.
kDk
Therefore we have
g(Vn , X) =

1
= constant.
kDk

Thus α is a LC slant helix.
From now, let us consider M is a hypersurface in E14 and α : I ⊂ R → M be a non-null curve
with Frenet vector fields {V1 , V2 , V3 } and curvatures {k1 , k2 } .
Theorem 3.8. Let M be a hypersurface in E14 , and α be a regular curve on M. Then α is a LC
slant helix if and only if kk12 is constant.
Proof. Let M be a hypersurface in E14 , and α is a generalized LC helix on M. Without loss of
generality, assume α has unit speed. By the definition of LC helix, there exists a Levi Civita’s
notion of parallel vector field X such that
g(V3 , X) = λ3 ε2

(10)

for some non zero constant λ3 . By taking the derivative of (10) and applying the Frenet formulas
g(∇V1 V3 , X) = 0,
g(−ε1 ε2 k2 V2 , X) = 0.
Since k2 6= 0, then we get
g(V2 , X) = 0.
Now, X is perpendicular to V2 , so
X = aV1 + bV3 ,
(11)
for some non zero function a, b. Because X is a unit Levi Civita’s notion of parallel vector field,
∇V1 X = 0. By taking the derivative of (11), and applying the Frenet formulas we have
0 = a0 V1 + (ak1 − ε1 ε2 k2 b) V2 + b0 V3 .
Since {V1 , V2 , V3 } are linearly independent we have
a0 = 0,
ak1 − ε1 ε2 k2 b = 0,
b0 = 0.
Hence

Now suppose that
define
to get

k1
k2

b
k1
= ε1 ε2 = constant.
k2
a
is constant. We can choose kk12 = ε1 ε2 c, for some non zero constant c and
1
X = V1 + V3
c
1
∇V1 X = k1 V2 − ε1 ε2 k2 V2 = 0.
c
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Hence, X is a Levi Civita’s notion of parallel vector field and clearly g(X, V3 ) = ε2 is constant.
Thus α is a generalized LC slant helix.
Corollary 3.9. Let M be a hypersurface in E14 , and α be a non- degenerate curve on M. From
the Definition(3.2) and Definition(3.6) we can write
D = ε1

k2
V1 + ε2 V3 .
k1

where k1 and k2 are curvatures of the curve. By taking the derivative of (12) we have
µ ¶0
k2
∇V1 D = ε1
V1 .
k1

(12)

(13)

If all curvatures of the curve are constants, i.e., the curve is a W −curve, take the derivative
of D we get
∇V1 D = 0.
So, from Theorem (3.7) the curve α is LC slant helix.
Corollary 3.10. Let M be a hypersurface in E15 , and α be a non- degenerate curve on M. From
the Definition(3.2) and Definition(3.6) we can write
µ ¶
1 k3 0
k3
D = −ε1
+ ε2 V2 + ε3 V4 .
k1 k2
k2
where k1 , k2 and k3 are curvatures of the curve. If all curvatures of the curve are constants,
i.e., the curve is a W −curve, then we get
D = ε2

k3
V2 + ε3 V4 .
k2

If we take the derivative of D we get
∇V1 D = −ε0 ε1 ε2

k1 k3
V1
k2

Since α is non-degenerate curve, we obtain that ∇V1 D 6= 0 or D is not Levi Civita’s notion of
parallel vector field. So, from Theorem (3.7) the curve is not LC slant helix.
Corollary 3.11. Let M be a hypersurface in E15 , and α be a non- degenerate curve on M. If α
is a LC slant helix then,
" µ ¶0 #0
1 k3
k3
+ ε0 ε1 k1 = 0.
k1 k2
k2
Proof. Let α be LC slant helix . From Corollary(3.5) for n = 4, we have ε1 H12 +ε0 H22 =constant.
By using the Definition(3.2)
" µ ¶0 #2
µ ¶2
1 k3
k3
+ ε0
= constant.
(14)
ε1
k2
k1 k2
By taking the derivative of Eq.(14) we obtain
" µ ¶0 #0
1 k3
k3
+ ε0 ε1 k1 = 0.
k1 k2
k2

(15)
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Theorem 3.12. Let M be a hypersurface in E12m , and α be a non- degenerate curve on M.
and {H1 , H2 , ..., H2m−3 } be the harmonic curvature functions of the curve α. If the ratios
k2m−2
k2 k4 k6
k1 , k3 , k5 ... k2m−3 are constant, then we have for 2 ≤ i ≤ m
H2i−2 = 0,
k2m−2 k2m−4 k2m+1−(2i−3)
H2i−3 =
.
...
ε2m−3 ε2m−4 ...ε2m−(2i−2).
k2m−3 k2m−5 k2m+1−(2i−2)

(16)

Proof. We apply the induction method for the proof.
The case of i = 2 :
From the definition of harmonic curvature functions of α we can write
¶
µ
k2m−2 0 ε2m−3 ε2m−5
.
H2 = −
k2m−3
k2m−4
By using the hypothesis we have
H2 = 0.
Again from Definition(3.2) we have
kn−1
H1 = εn−3 εn−2
.
kn−2
Hence it is shown that (16) is true for i = 2.
We now assume that Theorem (3.12) is truth for the case i = p. Then
H2p−2 = 0,
and

k2m−2 k2m−4 k2m+1−(2p−3)
.
...
ε2m−3 ε2m−4 ...ε2m−(2p−2) .
k2m−3 k2m−5 k2m+1−(2p−2)
are satisfied. From Definition (3.2) we have
ε2m−2p−2 ε2m−2p−1
.
H2p−1 = (k2m−2p H2p−3 − ∇V1 H2p−2 )
k2m−2p−1
H2p−3 =

By using of Definition (3.2) and hypothesis we have
k2m−2 k2m−4 k2m+1−(2p+1)
H2p−1 =
.
...
ε2m−3 ε2m−4 ...ε2m−2p ,
k2m−3 k2m−5 k2m+1−(2p+2)
which completes the proof.
Definition 3.13. Let M be a hypersurface in E12m , and α be a non- degenerate curve on
M. and {H1 , H2 , ..., H2m−3 } be the harmonic curvature functions of the curve α. If the raare constant, then we have for 2 ≤ i ≤ m then the curve α is called LC
tios kk12 , kk43 , kk65 ... kk2m−2
2m−3
slant helix in the sense of Hayden .
So, we can give the following results:
Corollary 3.14. Let M
and {H1 , H2 , ..., H2m−3 }
k2m−2 k2m−2
k2 k4 k6
k1 , k3 , k5 , ..., k2m−3 , k2m−3
easily see that the axis of

be a hypersurface in E12m , and α be a non- degenerate curve on M
be the harmonic curvature functions of the curve α. If the ratios
are constant, then from Theorem (3.7) and Theorem(3.12) we can
a LC slant helix α is

D = ε0 H2m−3 V1 + ε2 H2m−5 V3 + ... + ε2m−4 H1 V2m−3 + ε2m−2 V2m−1 .
Corollary 3.15. Let M be a hypersurface in E12m , and α be a non-degenerate W-curve on M.
By using Definition (3.13) and Corollary(3.14) α is a V2m−1 −LC slant helix in the sense of
Hayden.
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[6] İlarslan, K., (2002), Some special curves on non-Euclidean manifolds, Ph.D. Thesis, Ankara University,
Graduate School of Natural and Applied Sciences.
[7] Izumuya, S. and Takeuchi, N., (2004), New special curves and developable surfaces, Turk. J. Math., 28, pp.
153-163.
[8] Kuhnel, W., (1999), Differential Geometry: Curves-Surfaces-Manifolds, Wiesbaden: Braunchweig.
[9] Kula, L. and Yaylı, Y., (2005), On slant helix and its spherical indicatrix, Appl. Math. and Comp, 169, pp.
600-607.
[10] Monterde, J., Curves with constant curvature ratios, Available from: arXiv:math.DG/0412323, 16, December
20
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S. ÖZKALDI, İ. GÖK, Y. YAYLI, H. HACISALİHOG̈LU: LC SLANT HELIX ON HYPERSURFACES...

145

Ismail Gök received the B.Sc. degree from
Ankara University, Ankara, Turkey in 2003. M.S.,
and Ph.D degrees in geometry from Ankara University, Ankara, Turkey in 2005, 2010, respectively. He is assistant doctor at the Mathematics Department, Ankara University, Ankara,
Turkey. His main research are Riemannian manifolds, semi- Riemannian manifolds, curve and surface theory in Contact manifolds.

Yusuf Yaylı received the B.Sc.degree from Inönü
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