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FRACTIONAL HERMITE HADAMARD’S TYPE INEQUALITY FOR THE
CO-ORDINATED CONVEX FUNCTIONS

TUBA TUNC!, MEHMET ZEKI SARIKAYA', HATICE YALDIZ?

ABSTRACT. In this paper, we consider the co-ordinated convex functions and obtain some
Hermite-Hadamard type inequalities via Riemann-Liouville fractional integrals. For this pur-
pose, we first prove an supplement al result for two variables. Using this auxiliary result, integral
inequalities for the left-hand side of the fractional Hermite-Hadamard type inequality on the
coordinates are derived. These represent can be viewed as a refinement of the previously known
results.
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1. INTRODUCTION

Let f : I C R— R be a convex mapping defined on the interval I of real numbers and
a,b € I, with a < b. The following double inequality is well known in the literature as the
Hermite-Hadamard inequality:

f<a+b> - bia/abf(f“)d“ fla)+f(b)

2 2

Let us now consider a bidemensional interval A =: [a, ] x [c,d] in R? with a < b and ¢ < d.
A mapping f : A — R is said to be convex on A if the following inequality holds:

flz+ (A —t)zty+ (1 —t)w) <tf(z,y) + (1 —1) f(zw),

for all (z,y), (z,w) € Aandt € [0,1]. A function f : A — R is said to be on the co-ordinates on
A if the partial mappings f, : [a,b] = R, f, (u) = f(u,y) and f; : [c,d] = R, f, (v) = f(x,v)
are convex where defined for all z € [a,b] and y € [c, d] (see [10]).

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.1. A function f : A — R will be called co-ordinated convex on A, for allt,s € [0, 1]
and (z,y), (u,w) € A, if the following inequality holds:

flz+(1—t)y,su+ (1 —s)w)

< tsf(z,u) +s(1 =) f(y,u) +1(1 = 5) f(z,w) + (1 = )1 = ) f(y,w). (1)
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Clearly, every convex function is co-ordinated convex. Furthermore, there exist a co-ordinated
convex function, which is not convex (see, [10]). For several recent results concerning Hermite-
Hadamard’s inequality for some convex function on the co-ordinates on a rectangle from the
plane R?, we refer the reader to ([1, 2, 3, 5, 10, 13-15, 17, 18, 23, 25]). In [23], Sarikaya and
Yaldiz proved inequalities of the Hermite-Hadamard type by using the definition of co-ordinated
convex functions for L-Lipschitzian mappings. In the following, we will give some necessary
definitions and mathematical preliminaries of fractional calculus theory, which are used further
in this paper. More details, one can consult [11, 12, 16].

Definition 1.2. Let f € Li[a, b]. The Riemann-Liouville integrals J&, f and J* f of order a > 0
with a > 0 are defined by

x

Tef@) = [ =07 @ v >
and ,
Je f(w) = F(la) / (t— )" f(ydt, = <b,

xT

respectively. Here, I'(a) is the Gamma function and JO, f(z) = J)_f(z) = f(z).

Definition 1.3. Let f € L ([a,b] X [c,d]). The Riemann-Liouville integrals Jgjfﬁ, ijd ,
Jl?—ﬁc+ andea_”Bd_ of order o, B > 0 with a,c > 0 are defined by

CHrCJrf(acy // (. — )y — )7V f(t, s)dsdt, x> a, y>ec,
1 z d

J;de f(x,y):W//(x—t)o‘_l(s—y)ﬁ_l f(t,s)dsdt, = >a, y<d,
a vy

by
gy C+f(a; y) = F(a)lr(ﬁ)//(t—x)o‘_l(y—s)ﬁ_lf(t,s)dsdt, x<b y>ec

and o
b d
« 1 a— -
T 1) = ey | [ €= =0 pes)asa v <boy <
z oy

respectively. Here, I is the Gamma function,

IO i flay) = 00 flayy) = J)0 L fa,y) = 0 fla,y) = f(z,y),

and
Jat es f(@,y) //f (t, 5)dsdt.

Similar to Definition 1.2 and Definition 1.3, we introduce the following fractional integrals:

c+d i c+d
+f( i ) F(la)/(x—t)o‘_lf<t, ; )dt, x> a,
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d d
Jf‘f(:c,c+ > <t,c—£ >dt, x < b,

255,

\@

\@

d
b b
(55 0) = [0 (S s w<a
Y

Remarkable, Sarikaya et al.([22]) and ([24]) gave the following interesting integral inequalities
of Hermite-Hadamard type involving Riemann-Liouville fractional integrals by using convex
functions of two variables on the co-ordinates.

Theorem 1.1. Let f : A C R? — R is co-ordinated convex on A := [a,b] x [c,d] in R? with
0<a<b 0<c<dandfe€Li(A). Then one has the inequalities:

a+b c+d
(550 2)
I(a+1) c+d c+d
SM[ +f<, >+be( 2)}
F( (L+b a+b
L [c+f< a) e s (M)
IN'a+ X X
< 4(<b d+ [Te8 o F.d) 4 T2E Fb,0) + T o, d) + T3 la,o)]
< j(;“r )) [72, F(b,c) + J2, f(byd) + J& f(arc) + I3 f(a, d)]
L(B+1)
+m [Jcﬂ+f(ayd) + JCBJrf(b, d) + Jgff(a’ C) + Jg,f(b, C)]
. f@gtfladtfbo+f(bd

4 9
where ' is the Gamma function.

For some recent results connected with fractional integral inequalities, see ([4-9, 19-22]).

The paper aims to establish new Hermite-Hadamard type inequalities for co-ordinated convex
on A := [a,b] x [c,d] in R? via Riemann-Liouville fractional integrals. Firstly, we will give an
identity for two variables, and with the help of this fractional type integral identity, we will
provide some integral inequalities connected with the left-hand side of the Hermite-Hadamard
type inequalities involving Riemann-Liouville fractional integrals.
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2. FRACTIONAL INEQUALITIES FOR CO-ORDINATED CONVEX FUNCTIONS

To make the presentation more comfortable and compact to understand; we make some
symbolic representation'

I, = //ta P ta—l—(l—t)b sc+ (1 — s)d) dsdt,

(1 — 1) (1 - sﬁ) 5:5; (ta+ (1 — t)b, sc + (1 — s)d) dsdt,

1
I, = //ta 1—3 °f (ta+ (1 —t)b,sc+ (1 — s)d) dsdt
S 82583 ’ ’
0 1
2
13
Iy = —//(1 —t%)s” O (ta+ (1 —t)b,sc+ (1 — s)d) dsdt
Otds ’ ’
10
/1

5 0°f
Otos

(tb+ (1 —t)a,sd + (1 — s)c) dsdt,

t (sﬁ - 1) ZJ; (tb+ (1 —t)a,sd + (1 — s)c) dsdt,

wo=
0

2
(t* — 1)8/3;8]; (tb+ (1 —t)a,sd + (1 — s)c) dsdt,

1
2
Is = / (t*—1) <36—1) gtaj; (tb+ (1 —t)a,sd + (1 — s)c) dsdt,
11
33 5
- _ a B _ —
Iy //t S 508 (ta+ (1 —t)b,sd + (1 — s)c) dsdt,
0 0
31 5
- _ a B _ _ —
Ly = //t (s 1) D5 (ta+ (1 —1t)b,sd+ (1 — s)c) dsdt,
0 L
2
13 52
I, = //(1—7&0‘)5 g (ta+ (1=1)b,sd+ (1= s)c) dsdt
L0 S
11 o2
Iy = //(1-::&)( 1) atéi(taJr(l—t)b sd+ (1 s)c) dsdt
Ll
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O\M‘H

1
f

1
2

(NI

2
/ta 5; (tb+ (1 — t)a, sc + (1 — s)d) dsdt,

Os

t* (1 - 35) °f (tb+ (1 —t)a,sc+ (1 — s)d) dsdt,

Otds

Otos

/(ta —1)s° ”f (tb+ (1 —t)a, sc+ (1 — s)d) dsdt,
0

(1—t%)s" ;;J;
1 1
//(1—150‘) (1—%)'
o2 f
0t0s

2
fo' B f
e (1 8)‘87585
0% f

_ o B
(1=t%)s otos

% f

(tb+ (1 —t)a,sd+ (1 — s)c) dsdt' ,

(tb+ (1 —t)a,sd+ (1 —s)c)dsdt|,
s
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Ly = //tasﬁ
00

1
Ly = //ta <1 _ Sﬁ) 'g:éi (ta+ (1 —t)b,sd+ (1 — s)c) dsdt|,
0

o*f

D5 (ta+ (1 —1t)b,sd+ (1 — s)c) dsdt|,

(ta+ (1 —t)b,sd + (1 — s)c) dsdt|,

11
L = //(l—ta)(l—s[B)‘88;;;(ta+(1—t)b,3d+(l—s)c)dsdt‘,

1
Ly = //to‘ (1 — 55) '5;8]; (tb+ (1 —t)a,sc+ (1 — s)d)dsdt|,
0

1
2
13
Lis = //(1—t°‘)sﬁ
10
2

L = //(1_750) (1—5'8)‘(9;]; (tb~|—(1—t)a,sc+(1—s)d)dsdt'.

0% f
Otos

(tb+ (1 —t)a,sc+ (1 — s)d) dsdt|,

In order to prove our main results, we need the following lemma.

Lemma 2.1. Let f : A C R? = R be a partial differentiable mapping on A := [a,b] x [c,d] in

2with0<a<b, 0<c<d. If gt I € L(A), then the following equality holds:

() B () ) o

+ m [ J2f (a+b >+J6 f(a—;bc”] +I((;_+a1)§$_+$;

16
b—a)(d—c
< TSP Fbyd) + T80 f (b e) + T flad) + T30 f(a, c)} — %4() S L.

Proof. By integration by parts, we get

=
=

//ta P (ta+ (1 —t)b,sc+ (1 — s)d) dsdt (4)
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1

2

|
\w\»—

5P {ta albgf (ta + (1 —t)b, Sc+(1—s)d)

0
1
2

o a—1 -}
— (1—
b/t (ta ( )b Sc S
0

1
2

::/56{‘2a@{wwg£<a;b 1‘5d)

0

ba /to‘ 198 (0 (1= )b, se + (1 — )d
a
0

I

5= a/ é(a;—b c—l—(l—s)d)ds

0
1
2
/ Bs (ta+ (1 —t)b,sc+ (1 —s)d)ds| dt
s
0

i aa—a’ (7T
_%%b—gﬂd_c)jsﬁ1f<a;b”6+(1‘sﬂ)d3
*zﬂ(b—:) (d—c)/Qta_lf (taﬂlt)b,c;d) dt

0
P
(b—a)(d—c)

N

a—1_pg—1 _ _
x//t 77 f (ta+ (1 —t)b, sc + (1 — s)d) dsdt.

Thus, similarly, by integration by parts it follows that

1

I //ta 1—s )gg (ta+ (1 — t)b, sc+ (1 — s)d) dsdt

B (2° -1) a+b c+d
_2a+5(b—a)(d—c)f( 2 72 )

- (b_f) e jsﬁlf <a;b,sc+(1 —s)d) ds

2
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@ 2,8_1 a— c+d
_2/3(b(_a)(d)_c)/t 1 <ta+(1—t)b,2> dt
0

[N

1

2 1
//ta YP1f (ta + (1 — t)b, sc + (1 — s)d) dsdt,
0

1

2

1

1
% f
- _ _ 40\ B _ —
Iy = /0/(1 t%)s 505 (ta+ (1 —t)b,sc+ (1 — s)d) dsdt
(24 —1) a+b c+d
= 0B (b= a) (d— @f( SR )
2@—1 F oo
s f
=

« c—l—d
- to‘ Le(ta+ (1 —1t)b dt
26 (b—a)(d—rc) f(a—l— >

1
2

1
_aB a-18-1¢ (1, b s od)ds
+(b—a)(d_@/o/t f(ta+ (1= 1)b,sc+ (1 — s)d) dsdt,

1 1
_ //1-# (1- yf@44y¢w + (1= s)d) dsdt
= sP 81&85 a ,sC s s

(20 —1) (29 - 1) a+b c+d
_2a+ﬁ(b—a)(d—c)f< 2 7 2 >

~5a £ (_22)_(;)_ 3 1/1351]” <CL—2H),30+ (1-— s)d) ds

2

a(2ﬂ_1) / a— c+d
T ¢ (00 5

2

af
(b—a)(d-

0
1 a+b c—i—d)

:2a+5(b—a)(d—c)f< 2 72

1
+ /t“ LsB=1f (ta 4+ (1 — t)b, sc + (1 — s)d) dsdt,

\H

2

t%s

(1—1t)a,sd+ (1 —s)c)dsdt

[e=)
N|= [SIG
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‘zwbg«i(»!“3”<a§b

1

_25(5—5)(d_c)/ta1f <tb+(1—t)a,cgd) dt
0

N

,8d 4 (1 — s)c> ds

_aBk [ a—1_6-1 - B
+(b—a)(d—c)0/0/t " f(tb+ (1 —t)a,sd + (1 — s)c) dsdt,

2 1
_aB a-1g6-1 s ol ds
+(b—a)(d—c)0//t ftb+ (1 —t)a,sd+ (1 - s)c)dsdt,

1

2

1

1
2
I; = //(ta—l)sﬁgta‘}; (tb+ (1 —t)a,sd + (1 — s)c) dsdt (10)
10
_ (2*-1) a+b c+d
_2a+5(b—a)(d—c)f< > 2 )

— B -1) 286—1
za(b—a)(d—c)o/ /

(
- /t“lf <tb+(1—t)a,c+d> dt

27 (b—a)(d—c) >

1

a+b
2

,sd 4+ (1 — s)c> ds

13
O[—B a—1_pB-1 _ _
+(b—a) (d—c)/O/t sPTHf(tb+ (1 —t)a,sd + (1 — s)c) dsdt,
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1 1
@:://ﬁmq“f_g;Zamwuﬁmm+u—wwwt

_ (2a_1)(26—1) a+b c+d
T 2 (b—a)(d- f<2 : 2>

)
1
- 20‘—1 /3ﬂ 1f<a+b8d+(1—s)c>ds

1
a (2’ -1) ctd
- (b + (1 -t dt
268 ( b—a —c/ f( + Ja, ) )

of

1 1
s ey ] e (= asd+ (1= o)) dsar

[NIE

1
2

*f
I = o B 1 _
9 //t 87583 (ta+ (1 —t)b,sd + (1 — s)c) dsdt

_ 1 a+b c+d
N 2a+5(b—a)(d—c)f( 2 7 2 )

- 2a(b—5)(d—c)/sﬁ 1f<a+b sd+(1—s)c>ds

0

/ta 1y (ta—{— (1—1)b, C;d> dt

0

N|=

af 7 ol B
+®—@w—@!!t181ﬂw+ﬂ—w@w+u—@@@@

1
Lo //to‘ —1
0

(27 -1) a+b c+d
f< 2 9 )

ta+(1—t)b sd + (1 — s)c) dsdt

—2a(b_f)(d_0) jsﬁlf <a;b,sd+(1—s)c> ds
STy 0/ o2 (a0 5 ) o

(11)

(12)

(13)
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af

1
(CEDICET) /t“15lf(ta+(1—t)bsd+(1—s))dsdt

_|_

O\mw

2
1

1
2f
. _ o 6B _ _
I //(1 t%)s" 555 (ta + (1 = )b, sd + (1 — s)c) dsdt
0

1

2

_ (2*-1) a+b c+d
_2a+5(b—a)(d—c)f< 2 72 )

1

-ICAE ) Ry P
2a(b—a)(d—c)0/ !

b
%,sm— (1- s)d> ds

+
—
o
~
Q
—
iy
—
&H
-
IS
+
—
|
-
~—
>
®
IS
+
_
|
@
S~—
IS
@
U
~

11
Ly = //(1 —t%) (sﬁ - 1) (‘;97528]; (ta+ (1 —1t)b,sd+ (1 — s)c) dsdt

@2 -1)(2°-1) (a+b ctd
_2a+5(b—a)(d—c)f< 2 72 )

o L ot
_2a£(_2a)(;)_c)l/sﬁ f< ! ,3d+(1—s)>d5

2

a(2P—1) la_ ctd
‘W@—aﬂd—@/Q o on 50 a

2

11
+a)_;)liz_c)//ta_185‘1f(ta+ (1 —t)b,sd + (1 — s)c) dsdt,
f
Ly = - —— (tb+ (1 —t)a,sc+ (1 — s)d) dsdt
[
= fract2e (- a) (@ - of (“5 7.5

13

(14)
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=0 /85 1f<a+b (1—s)d>ds
0
/to‘ 1f(tb+ (1-t)a, c—;d>dt
0

+(b—ao)é?d—c) O/O/ta_lsﬂ_lf (tb+ (1 —t)a, sc+ (1 — s)d) dsdt,

1

2

1
Iy //t 1—3 8153 (tb—!—(l—t)a sc+ (1 —s)d)dsdt
0

1
2/3—1 b c+d
2a+5 ’
+

1
_2a(b—5)(d—c)l/85 1f< zb

2

2

se+(1— s)d) ds

1

(2’1 [ a— c+d
_25(1)(—@) (d)_c)/t f <tb+(1—t)a,2> dt
0

1

2

1
//ta L= (th+ (1 — t)a, sc + (1 — s)d) dsdt,
0

1

2

(1 =t)a,sc+ (1 — s)d)dsdt

=//

B (2% —1) a+b c+d
208 (b—a)(d— c)f< 2 72 >

p(2*—1)
2¢(b—a)(d—rc)

ey <a—2|_b,sc—|— (1- s)d> ds

paly (tb+ (1-t)a, C;Fd> dt

«

28 (b—a)(d— c)

1
* b—a —c/

M — L O — e

(=)
[N

ta—1g6— 1f (thb+ (1 —t)a,sc+ (1 — s)d) dsdt,

(17)
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Iy = /l/l(to‘—l)<1—35> o

and

(tb+ (1 —t)a,sc+ (1 — s)d) dsdt (19)

t0s

(20 —1)(2° - 1) a+b c+d
27 (b—a) (d @f< 2 )
1

b—a

a (28 - / c
- (b(_2a) (dl)_ 3 l/t“—lf <tb+ (1-t)a, ;d> dt

2

20‘—1 b
- $P 1f(a+ sc—l—(l—s)d)ds

1
af

1

+ (b_a)(d_c)//ta—lsﬂ—lf (tb+ (1 — t)a, sc + (1 — s)d) dsdt.
3 3

From (4)-(19), using the change of the variable z = ta + (1 — t)b and y = sc + (1 — s)d for

t,s € [0, 1], we can write

L+ I+ 13+ ...+ 5 (20)

- o= (T T) i o () pa (255
(b —25)((6;12)5“ { “f( 3 > Hid <a2+bcﬂ

T(a+ 1)I(8 + 1)

(b—a)*™ (d— )T
Multiplying both sides of (20) by w, we obtain (3), which completes the proof. O

|:']a+ c+ (b d) + J f(bv C) + Jl?;?chf(CL, d) + Jbaiéd,f(ay C):| .

Next, we start to state the first theorem containing the Hermite-Hadamard type inequality
for fractional integrals.

Theorem 2.1. Let f : A C R? — R be a partial differentiable mapping on A = [a,b] X [c,d]

in R? with with 0 < a <b, 0 <c<d. If ‘ 1 | is a convex function on the co-ordinates on A,

f
Otds

then one has the inequalities:

() L s (05 e (27

B2 s (3] ety

2(d—c)?
x [T d 0 d) + Tg0 Fbse) + T30 flad) + T3 fa,0)|

(b—a)(d—c) (1 1-22 1-2°
= 4 <2+2(a+1)>< +2B(5+)
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x(‘ Of (a,c)‘+’82f (b,c)‘+’82f (a,d)’—i—‘a2f (b,d)D.

otos otos otos Otos

Proof. From Lemma 2.1, we have

(SR NS L

P RC =

[T Fbd) + T F0,0) 4 T flad) + i fa,0)]|

< (b—a)(d—rc)

< i {Li+ Ly... + Lig} .

Since ‘%‘ is convex function on the co-ordinates on A, by calculating the integrals in above
inequality, then one has:

11
2 2
le//tasﬁ
0

(ta+ (1 —t)b,sc+ (1 —s)d)| dsdt (22)

2
595 ¢

+s(1—t)’

OtOs (a,¢)

IN
o,
o,

~

Q
V)
sy
—N—
&

+ t(1—s) ‘gtas(a,d)‘ +(1—-s)(1—-1) ‘gzaf (b, d)'}dsdt
1 0% f
- zww4m+2ﬂﬁ+2ﬂamsw”4

a+3 82f b
T (T T oo )

B+3 ‘Wf( @‘
20614 (o 1 2) (B + 1) (B +2) |otds

9

(a+3)(B+3) ‘82f (b.d)
2005t (a + 1) (@ +2) (B+1) (B+2) [0t0s




Ly

Lo

IN

IN

_l’_
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1
2

[

20+2 (a + 2)

1
2

(a+3)

[e(1-)
2

2f

Otds

1 — 26+2

82 f

2°+2(5 4 2)

1
20+2 (a + 2)

(a+3)

2012 (a + 1) (a + 2)

o
8

)

1 — 28+2

(a;¢)

Otos

% f

Sy
8

1 — 26+1

268+2(B 4 2)

)

2/8+2 -1

Otds

(ta+ (1 —t)b,sc+ (1 — s)d)

(b,

dsdt

0|

f

20416+ 1)

202 (o + 1) (e + 2)

1
2

(B+3)

-
/ (1—t)s
10

2

1 3
25+2(5 + 2) <8 +

1 1
2“%ﬂ+%<8+

T PR(E 1)

1— 20¢+1

)

2a+2 -1

dids @ d)‘

0% f

s
8

0% f
Otds

1— 2a+2

90+1 (a + 1)

0 f

2012 (o + 2)

1— 2a+1

)

9105 (@¢)

2a+2 -1

2“*2((1 + 2)

(ta+ (1 —t)b,sc+ (1 — s)d)

)

dsdt

o2 f

20+ (v + 1)

(B+3)
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From (22)-(37), we have
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Substituting (38) in (21), we obtain desired result. O

Theorem 2.2. Let f : A C R? = R be a partial differentiable mapping on A = [a,b] x [c,d] in
R with 0 <a<b, 0<c<d If [ZL]

then one has the inequalities:
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Proof. From Lemma 2.1, we have
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By using the well known Holder’s inequality for double integrals and ‘ 5i0s ‘ is convex function
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Here, we use (A — B)P < AP — BP for any A > B >0 and ¢ > 1.
Writing (40) (55) in (39), we obtain desired result. O

3. CONCLUSIONS

In this study, we obtained some Hermite-Hadamard type inequalities via Riemann-Liouville
fractional integrals for two variables using co-ordinated convex functions. The left-hand side of
the fractional Hermite-Hadamard type inequality on the coordinates is derived. These results
can be viewed as a refinement of the previously known results.
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