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AFFINE FACTORABLE SURFACES IN ISOTROPIC SPACES

MUHITTIN EVREN AYDIN!, AYLA ERDUR?, MAHMUT ERGUT?

ABSTRACT. In this paper, we study the problem of finding affine factorable surfaces in a 3—
dimensional isotropic space I® with prescribed Gaussian (K) or mean (H) curvatures. Because
the absolute figure of I3, by permutation of coordinates two different types of these surfaces
appear. We firstly classify the affine factorable surfaces of type 1 with K, H constants. After-
wards, we provide the affine factorable surfaces of type 2 with K = const. or H = 0. Besides in
some particular cases, the affine factorable surfaces of type 2 with H = const were obtained.
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1. INTRODUCTION
Let R? be a 3-dimensional Euclidean space with usual coordinates (z,v, z) and
wiR SR, (z,y) —=,w(z,y)

a smooth real-valued function of 2 variables. Then, the graph z = w (x,y) is a smooth surface
with an atlas that only consists of the following patch

r:R* = R3 (z,9) — (z,y,w (z,y)).

Notice that every surface in R? is locally a part of the graph z = w (x,y) if its normal is
not parallel to the xy—plane. Otherwise, the regularity assures that it is a part of the graph
x=w(y,z) or y =w(x,z). See [37, p. 119]. These graphs are also called surfaces of Monge
type [17, p. 302].

In the differential geometry of surfaces, one of the challenging problems has been to obtain
explicit equations of surfaces with prescribed Gaussian (K) or mean (H) curvatures. In this
manner, it is naturally reasonable to concern the graphs. For a graph, a problem of this kind is
indeed to solve an equation of Monge-Ampére type given by ([39, 42])

WrzWyy — w:%y =K (z,y) WQ? (1)
and an equation of mean curvature type ([27, 39])
(1 + w%) Wyy — 2WaWyWay + (1 + wg) Wye = 2H (z,y) W%, (2)

where w, = g—f, Wey = ‘32715, etc. and W =1+ w:% + wi.
The equations (1) and (2) also arise in economics, meteorology, oceanography etc. [7, 8, 9, 11].
In a 3-dimensional isotropic space I3, by separation of variables we study the graphs

z=w(x,y) = f1(x) f2(y),
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so-called factorable or homothetical surfaces. Here fi; and fo are smooth functions of a single
variable. Many results on the factorable surfaces in other 3-dimensional spaces were obtained
so far, see [1-4, 18, 20, 25, 28, 43, 48].

This kind of surfaces also appears as invariant surfaces in the 3-dimensional space H? x R
which is one of the eight homogeneous geometries of Thurston. More clearly, a certain type of
translation surfaces in H? x R is the graph of z = fi (2) f2 (y), see [45, p. 1547]. For further
details, we refer to [5, 6, 19, 22-27, 32, 41, 46, 47].

Recently, Zong et al. [49] defined affine factorable surfaces in R3 as the graphs

z=fi(z) fo(y+ax), aeR, a#0.

They obtained these surfaces with K = 0 and H = const. It is clear that this class of surfaces
is more general than the factorable surfaces.

In this paper, the problem of determining affine factorable surfaces in I? with K or H con-
stant is considered. Because the absolute figure of I? (for details see Preliminaries section), by
permutation of the coordinates two different types of these surfaces exist, i.e. the graphs of

z=fi(x) f2(y +ax) and x = f1 (y + az) f2(2).

We call the surfaces affine factorable surfaces of type 1 and 2, respectively. Point out also that
such surfaces reduce to the factorable surfaces in I? when a = 0.

In this sense, our first concern is to obtain affine factorable surfaces of type 1 with K or H
constant. And then, we present some results relating to the affine factorable surfaces of type 2
with K = const. or H = 0. Furthermore, in some particular cases, the affine factorable surfaces
of type 2 with H = const. were found.

2. PRELIMINARIES

In this section, we provide some fundamental properties of isotropic geometry from [10, 12-16,
29-33, 35, 36, 38, 49]. For basics of Cayley-Klein geometries see also [21, 34, 44].

Let (xo: x1 : w9 : x3) denote the homogenous coordinates in a 3-dimensional real projective
space P (R3) . A 3-dimensional isotropic space I3 is a Cayley-Klein space defined in P (]R3) with
the absolute figure {w,l1,l3}, where w is an absolute plane and ly,ly two absolute lines in w.
These are respectively parameterized by x¢p = 0 and xg = x1 & ix2 = 0. The intersection point
of these complex-conjugate lines is called absolute point, (0:0:0:1).

The group of motions of I?, which leave the absolute figure invariant, is given by the 6—
parameter group

=01 +xcosf —ysinb,
(z,y,2) — (Z,7,2) : { § =02+ xsinf+ ycosb, (3)
Z=035+ 012+ 05y + z,
where (z,y, z) denote the affine coordinates and 6,01, ...,05 € R. The isotropic metric induced
by the absolute figure is given by ds? = dx? + dy?.

Due to the absolute figure there are two types of lines and planes: the isotropic lines and
planes which are parallel to z— axis and others called non-isotropic lines and planes. As an
example the equation ax + by + ¢z = d determines a non-isotropic (isotropic) plane if ¢ # 0
(c=0), a,b,c,d € R.

Note that the plane z = 0, so-called basic (or top-view) plane , is non-isotropic (or Euclidean)
and therefore the 2d Euclidean metric is used in it.

Two non-isotropic lines are orthogonal if their projections onto the top-view plane are per-
pendicular up to the Euclidean metric. Nevertheless, an isotropic line is orthogonal to some
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non-isotropic line. As a consequence, each non-isotropic plane is orthogonal to the isotropic
one. Besides, two isotropic planes are orthogonal if their projections onto the top-view plane
are perpendicular.

A surface is said to be admissible if nowhere it has isotropic tangent planes. If some admissible
surface is locally parameterized by

I'(’LL,U) = (x(u7v)7y(uvv)az(u>v))v

then the Jacobian determinant satisfies

9 (z,y)
—— L =XuYy — T 0,
Tl p) ~ b T Tl #
h _ Oz
where z,, = 3, etc.
We may introduce an isotropic scalar product between two vectors u = (u,ug,us) and

v = (v1,v2,v3) as

(u,v), =0V =u1v1 + ugvy,

where @ denotes the top view of u and - the Euclidean scalar product in R?.
Denote g and h the first and second fundamental forms, respectively. Then the components
of g are calculated by the induced metric from I, namely

_or
ou’

g11 = <ru;ru>i7 g12 = <rU7r’U>i7 922 = <r’U7r1}>i7 Iy

The unit normal vector is (0,0, 1) because it is orthogonal to all non-isotropic vectors. The
components of h are given by

det (ruw Ty, rv) By — det (rum Ty, rv) hoo — det (rvm Ty, rv)
- g o 2= s 122 =

det g det g vdetg ’

2 . . . .
where 1y, = ai—a‘;“ etc. Therefore, the isotropic Gaussian (or relative) and mean curvatures are
respectively defined by

hi1 =

o det h H— gi1hoo — 2g12h19 + goohi1

K —
detg’ 2det g

For convenience, we call these Gaussian and mean curvatures.

By a flat (minimal) surface we mean a surface with vanishing Gaussian (mean) curvature.

Notice that h;;’s are proportional to the corresponding Euclidean coefficient of the surface;
namely, it is possible to define elliptic, hyperbolic and parabolic points. So, we can interpret the
sign of K in the same way we do in Euclidean geometry.

In the particular case that the surface is the graph z = w (z,y), the Gaussian and mean
curvatures turn to

2

Wex + Wyy
K = wpwyy —wy,, H= ——F—".

2

Accordingly; if it is the graph = w (y, 2) , then these curvatures are formulated by

(4)

2 2 2
K= Wy Wy — wyZ’ "o W3 Wyy — 2WyW Wy, + (1 + wy) wzz7 5)

4 3
ws 2w

where w, # 0 because of the admissibility.
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3. AFFINE FACTORABLE SURFACES OF TYPE 1

An affine factorable surface of type 1 in I? is a graph

Z:w(x7y):f1(x)f2(y+ax)7 CL#O,

for smooth functions fi and fs. Let us put u; = z and ug = y + ax. By (4), we get the Gaussian
curvature as

K= fifoflf) = (fif)7, (6)

where f] = (’;}% and f = ng"; and so on.

Theorem 3.1. Let an affine factorable surface of type 1 in I? have constant Gaussian curvature
Ky. Then, for b, co,c1,co € R, we have
(1) if Ko =0, then

(a) w(z,y) = cofa (y +ax) or w(z,y) = cof1(x);
(b) w(z,y) = coerzFezlytaz);

1
b —
(¢) w(z,y) =co [%}b "b£ 1,

1
— o [Lzten)® 15T
(@) w(w,y) = co |Gl ] b £ 1,
(2) Otherwise, i.e. Ko # 0 then Ky is negative and
(a) w(z,y) =co (V=Kozr +c1) (y +az+ca).
(b) w (z,y) = co (z + c1) [V—Ko (y + ax) + 2] .

Proof. We have two cases:
(1) Ko = 0. (6) reduces to
b 15 = (f£)" =o. (7)
(7) holds when f; or fs is a constant. This proves the item (1.a) of the theorem. If

F1f5 # 0, then (7) implies f/'f4 # 0. Thereby, (7) can be rewritten by dividing fofZ (f])?
as

Al (1)’
()7 Sl

where the left-hand side is a function of u; whereas the right-hand side is a function of

uo. This is possible in case both sides are only constant, i.e.

Al )
()’ f13”

where b € R, b # 0. If b = 1, after solving (8), we obtain

(8)

f1(u1) = coexp (crur), fa(u2) = caexp (csug), co,...,c3 € R,

which proves the item (1.b) of the theorem. Otherwise, i.e. b # 1, by solving (8), we
derive

b
b—1

i) = (0= ) o + o) 77 ) = | (27 ) Cmma b en)]

for ¢4, ...,c; € R. This is the proof of the item (1.c) of the theorem. The item (1.d) of
the theorem can be proved in a similar way by taking % instead of b.
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(2) Ko # 0. (6) can be rewritten as

2
Ko = fifofi fs = (fif2)" 9)
If f1 or fy is constant in (9) then Ky = 0. Thus we may assume f] f5 # 0. To solve (9)
we have two sub-cases:
(i) f1or fo is linear function. Without loss of generality we may assume f; = couj +c1,
co,c1 € R, ¢ # 0. By (9), we get Ko = —c3 (f3)%or

fo (u2) = _CIQ(O
V<

which proves the item (2.b) of the theorem. In a similar way the proof of the item
(2.a) of the theorem can be done.
(ii) Neither f; nor fy are a linear function. After dividing (9) with f1 £ (f})? we can

write ) )
Ko (1N\"_ —=(f)" | ff8
ifT (fé) AT 10)

By taking partial derivative of (10) with respect to ug we derive

Ko _ [fzfé’]/ [(fé)3]
Af L] 2]
which means f1f] = c3, c3 € R, ¢3 # 0. Considering it into (10) gives
12 foff Ko (1)
S 00 = G 5 ()
This yields f] = const. and contradicts with f] # 0.

c € R,

From (4), the mean curvature follows
2H = (1+a®) fufs + 2afifs + f{ fo- (11)
Theorem 3.2. Let an affine factorable surface of type 1 inI? be minimal. Then, forb, cy, c1,co €
R, either
(1) itis a non—isotmpic plane; or
(2) w (x,y) = coe™ ez UF0) [Cl sin (1+a2 (y + af)) + cacos <1+a2 (y + aﬂ?))} » oF
(3) w(z,y) = coe? [c1 sin (bx) + o cos (bx)] .
Proof. (11) reduces to
(1+a®) fufs +2af1f3+ f{ f2 = 0. (12)
If f1 or fy is a constant function in (12), we have immediately the first item of the theorem.
Suppose then that f]f5 # 0 in (12). If fi = cour +c1, co,c1 € R, ¢o # 0, (12) gives the following
polynomial equation in
[(1—1—@2) 5] c1+ 2aco f3 + co [(1+a ) fo]ur =0,

which yields f5 = f4/ = 0. This is not our case and we deduce f{’ # 0. In a similar way f3 # 0
can be shown. Next we divide (12) by f1 /5

= (7) () + (50) (2) &
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The partial derivative of (13) with respect to uj gives

(1+4a?) <2> Y+ <f{{/> fo=0. (14)

We have three cases to solve (14):
(1) f{=>bf1,beR, b+#0. That is a solution for (14) and thus (13) reduces to

1+ a?
b

which is a homogenous linear second-order ODE with constant coefficients. The charac-
—b
1+a?

—ba u b . b
fa (ug) = 6(1+a2) 2 [Cl cos <1 o 'LL2> + ¢o sin (HCLQuQﬂ . (16)

Considering (16) with the assumption of Case 1 gives the proof of the second item of the

5 +2afy +bfa =0, (15)

teristic equation of (15) has complex roots (a £ 1), so its solution turns to

theorem.

(2) fo =0bf2, b € R, b# 0. After taking partial derivative of (13) with respect to ug the
proof of the last item of the theorem is same with previous case.

(3) (f1/f1) (f2/f5) # 0. Hence, (14) yields that fo and f} can not be linearly independent,
ie. fil =cofa, co € R, ¢y # 0. Substituting this into (13) gives

—2a;z =co (1+ a2) 2 + JTI{ (17)

Because (fa/f5) # 0 the left-hand side of (17) is a function of uz whereas the right-hand
side is a function of u; or a constant. This is a contradiction.

O

Theorem 3.3. Let an affine factorable surface of type 1 in I have nonzero constant mean

curvature Hg. Then, for cy,c1,co € R, we have either
(l) w (l’,y) = 1522 (y + aiU)Q +y+ax +cy or

(ii) w(z,y) = (cox + 1) [HO (y +ax) + CQ] .

aco

Proof. (11) can be rewritten as
2Ho = (1+a°) fufy +2afifs+ [ fo. (18)

In order to solve (18) we have two cases:

(1) Case f{ = 0.If f{ =0, then (18) proves the item (i) of the theorem. If fi = cou; + ¢,
co,c1 € R, ¢g # 0, then by (18) we get a polynomial equation in f;

—2Ho + 2aco fy + [(1+a®) f5] f1 =0,

which implies that fJ = 0 and
! HO
= e
This proves the item (ii) of the theorem.
(2) Case f{ # 0. By assuming fJ = 0 and applying above process we achieve the contradic-

tion f' = 0. Then f{f4 # 0 and (18) can be rearranged as

2Ho = (1+ a®) fipapz + 2ap1p2 + fop1pr, (19)
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= d? = f'/, , @ =1,2. Thus (19) can be divided by fop; as

fH w0 () (%) v e &

The partial derivative of (20) with respect to f; leads to

) () = e G) U5 o o

If p1 = c3f1, c3 € R, ¢3 # 0, then the right-hand side of (21) becomes

where p; =

where p; = de

zero, which is no possible. Thereby, (21) can be rewritten by dividing -2 an (1’%) as

d (L) . o .
df1 <2H0> R (1 +a )p2p2
d

, (22)
P A NY N AR N
N—— N—_———
A(f1) B(f1)

where A (f1) and B (f1) are a function of f;. After taking partial derivatives of (22) with

respect to fi and fo we can deduce A is a constant Ag # 0 because djf (2Ho) # 0. This

follows from (22) that B is also a constant By. Therefore we write

d (1 d (f 1> " <f 1)
— | — ) =40—(— | and . 23
v (o) =0 () vt = B 29)
An integration of first equation in (23) gives
1 1 A
*=A0ﬁ+04, ca€R, s #0, or pr= — — —fy. (24)
b1 b1 C4  Cq
It follows from (24) that 1 = By = 0 and thus (22) implies
(1+ a®) papa = 2A¢Hy. (25)

On the other hand, if we take partial derivative of (19) with respect to f; and consider

(25) into it then we have
C4H0

7f2

2acy
Comparing (25) and (26) gives a contradiction.

(26)

O

4. AFFINE FACTORABLE SURFACES OF TYPE 2

An affine factorable surface of type 2 in I? is a graph
z=w(z,y)=fi(y+az) f2(2), a#0,

for smooth functions fi, fo. Put u; = y + az and uy = z. From (5), the Gaussian curvature
follows

_ N - (f155)°
(afifo+ Ff3)"
where f] = gﬁ, 1= df2 . Notice that the admissibility refers to af{ fa + fif} # 0.

, (27)

Theorem 4.1. Let an affine factorable surface of type 2 in I have constant Gaussian curvature
Ky. Then it is flat (i.e. Ko =0) and one of the following occurs:

a.w(y,z) = cofi (y+az), G #0 orw(y,2) = cofa (), L #0;
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b. w(y,z) = coecl(y+az)+02z

c. w(z,y)=co [M} ,b# 1,

z+co

1
b1 oeT
d. w(z,y) =co [;_T_Z;}CJ "' b1, where b,cp,c1, 02 € R.

Proof. If Ky =0 in (27), then the proofs of the items (a),...,(d) of the theorem are similar with
the first four items of Theorem 3.1. The continuation of the proof is by contradiction. Suppose
that Ky # 0 and then (27) turns to

_ N1 - (f115)°
(afifa+ fuf5)*
where f1, fo must be non-constants. Afterwards, we use the property that the roles of fi, fo are
symmetric in (28). If fi = coui +c1, ¢, c1 € R, ¢ # 0, then (28) turns to a polynomial equation
n fi

, (28)

&1 (u2) + & (u2) fi + & (u2) f + & (u2) £ + & (u2) f1 = 0,

where
&1 (up) = Koa'cl fi + & (3)?,
& (u) = 4Koa®c3 f3 15,
& (u) = 6Koa’3 f3 (£3)?,
¢4 (u2) = 4Koaco fa (f5)%
& (u2) = Ko (f5)".

The fact that each coefficient &;, ¢ = 1, ..., 5, must vanish contradicts with fo # const. Thereby,
we conclude f/' # 0 (and so fJ # 0 by symmetry). Next, put w; = f1f/, ws = (f])?, w3 = f},
wq = f1 in (28). After taking partial derivative of (28) with respect to u, it can be rewritten as

p fo LY+ nafafstd — pafo (£3)° — pua (£3)° =0, (29)

where
p1 = a(wjws — dwiw}),
p2 = wijwg — dwiwy,
ps = a (whws + dwaws)
pa = —whws + dwowy,

(30)

for w] = g:’i ,i=1,...,4. Notice that w; and p; are function of the variable u;. By dividing (29)

with f2f}, we deduce
// f/ _ & <f2>
i <u +M2f> (uf Fual > (31)

For (31) we have to distinguish several cases:

(1) ;2 = c9 # 0, co € R. Substituting it into (28) leads to the polynomial equation in f,

c3 (flf{, - (f1) ) — Ko (af] + szl) f3 =0,
where the coefficients must vanish, namely
af] +coft =0 and fif] — (f{)2 =0.

The first equality however contradicts with the admissibility, i.e. the assumption aff fa+

fufs # 0.
(2) pi = 0,4 =1,...,4. Because pz = 0, we conclude 6 (1) f/ = 0, which is not our case.
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/

(3) p1+ ugj} # 0. (31) follows
2

f/ f/ 2
4 uq§+u4(§>
7T . (32)
2 p1+ p2 g

The partial derivative of (32) with respect to u; gives a polynomial equation in % and
the fact that each coefficient must vanish yields the following system:

popa — pgpty = 0,
finpiz — piofiy + 1y fra — papry = 0, (33)
pipz — papry = 0.
By (33), we deduce that us = csu1, pg = capio, cs,c4 € R, and
(c1—c3) (Hhpz — ppy) = 0. (34)
We have to consider two sub-cases:

(i) ¢35 = c4. Put c3 = ¢4 = ¢ and thus ¢ must be nonzero due to the assumption of Case
3. Then (31) leads to

o f
15 fo’

which implies f§ = ¢5f5, ¢5 € R, ¢5 # 0. Note that ¢ # 1 due to Case 1. Hence,
(28) turns to

2
K C
0 <= ( / /2 c2> : (35)
& (chst - (0)?)  \(@fifateshifs)
The partial derivative of (35) with respect to fo concludes
a(c—2)fi —cesfrfst =0. (36)

Again partial derivative of (36) with respect to fa leads to either ¢ =0 or ¢ =1 or
cs = 0. However, none of these is possible.

(ii) c3 # ca. It follows from (34) that p; = ceua, c¢ € R. On the other hand, plugging
w1 = whwy and wg = w) into the equation pg — czp1 = 0 yields

(6 — c3) wiwh — cawswhwy + 4cs (w§)2 wy = 0. (37)

Dividing (37) by wswaw} gives

w
(G—Qyz—f%2+4@;§:0 (38)

Integrating of (38) leads to
b-cy

Wy = C7w§w4 S e eR, ¢ #N0. (39)

By producting (39) with w4, we get

6

w1 = crwiw,? . (40)
On the other hand, u; — cquo = 0 implies
wi 4awé — W)
w1 aws — C4W4
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From integrating of (41), we derive
4
w1 = cg (awsg — cewy)”, cg € R, cg # 0. (42)

Comparing (40) and (42) leads to
6

C7w§w473 = cg (aws — 06w4)4. (43)

Without of loss generality, we may assume that the terms are positive in (43). Then
we can obtain wsz from (43) as follows:

—CpW4
w3y = R . (44)

1 3

(8) i
Revisiting (39) and integrating it gives
9 1
w3 =—% , C9,C10 € R, ¢ 7& 0. (45)
cow,® + c1o

After equalizing (44) and (45), we obtain an equation of the form

1 1
6+2c3 5 3 1 3
2 e ¢t ¢t 2 2,2 2
cowy ? — (08> wy? +2a <Cs wy® + crociwi —a” = 0.

This equation leads to a contradiction because wy = f7 is an arbitrary non-constant

function.
]
By (5) the mean curvature is
iy L I =2 Do+ (W) B + Bff + 2003+ Dy (o

(aflfo+ f1f5)°

Theorem 4.2. There does not exist a minimal affine factorable surface of type 2 in I3, except
non-isotropic planes.

Proof. The proof is by contradiction. (46) follows

(F1f2)2 ity =2 (F118)? fufo+ (Fifs)? fofi + fuft + 2afi fy + a2 f2 = 0. (47)

If f1 or fo is a constant, then (47) deduces that the surface is a non-isotropic plane. Assume
that fi, fo are non-constant. If f =0, then (47) gives a polynomial equation in f; :

2afify+ [(f182)° 1 =2 (A18)° fo+ £3] 1 =0,

which is no possible because af]f} # 0. Then we have f{’ # 0 and so f} # 0 by symmetry.
Henceforth we deal with the case f{' f5 # 0. Dividing (47) with (f] f§)2 f1f2 leads to

(fff) (fff) " <(f})2> <f(f)> i (48)

1 1 2 i 1 _
+2a(f1f{)(f2fé)+a A () ((fé)2> >
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The partial derivative of (48) with respect to u; and ug yields

((f}f) (fz é)?) ”<flf)(f1f>

w3 w4

w1 w/2 , (49)
1 1
+a2 1 —0,
¢ <ﬁ<f02> (aﬁf)

where wiwg # 0 because f fi # 0. For (49), we consider two cases:
(1) Case ws = 0. It follows f1 f{ = co, co € R, ¢o # 0. Then, we have w; = %, w5 = ;121 and
hence (49) reduces to the following polynomial equation in f;
Co
2

which is not possible because wg # 0.
(2) Case w3 # 0. After dividing (49) by wiwg, we write

a2w6 + w2f12 =0

A (ug) +2aB (u1) C (u2) + a?D (uy) = 0, (50)
where
_@ _w _w _ws
A(’u,z) = wG, B(ul) = wl, C(UQ) = wﬁ, D(ul) = w1.

Notice also that all A, B,C and D in (50) must be constant for every wuj, us. Therefore,
being B and D constants lead to respectively

i
fi= (51)
c1+ e (f1)?
and
L (5 ) (52)
- — J1 v/ C4 )
f no
where ¢y, ...,¢q4 € R, ¢1 # 0 because ws # 0. Put p; = 2% and p; = ‘(2% = J;T{,, in (51) and
1

(52). The derivative of (51) with respect to fi gives

2
. (a4 copd
gy = Lt en) (53)
C1—C2 (pl)

Nevertheless, plugging (51) into (52) leads to

) c3 + cap?
p=——7. (54)
c1 + copy

Equalizing (53) and (54) refers to the polynomial equation in p;
&1+ Eopi + &api + apt =0,
in which the following coefficients

& = ¢ —cies,

& = 3cicy — crea + cocy,
53 = 3016% + CoCy4,

& = c3
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must vanish. Being & = &4 = 0 implies ¢ = ¢4 = 0 and thus from (51) and (53) we get

7 = c1f] = ¢ f1. Considering these into (47) leads to the polynomial equation in fi

2
& B8 — (1)) £ + [ + 2001f3 + a®c o] fr =0,
where the coefficients must vanish, namely

B~ (B) =0, (55)
and
1Y+ 2ac, fy + a*clfo = 0. (56)
Integrating of (55) leads to f} = c5fz and thus f) = c2fa, c5 € R, ¢5 # 0. Substituting
it into (56) gives ac; + ¢5 = 0. This however contradicts with the admissibility, i.e. the
assumption aff fa + f1f5 = fif2 (ac1 +¢5) # 0.
O

Theorem 4.3. Let an affine factorable surface of type 2 in I have nonzero constant mean
curvature Hy. If fo is a linear function then, for cy,c1,co € R, we have

+1
w(y, Z) = m\/Cl _4Hocg(y+a/z) +CQ (57)

Proof. If fo = cg, co € R, then (46) follows

2Hych =~ (58)

+1
J1(ur) = m\/ —4H003U1 + c1 + c2,
00

for ¢1,co € R. This provides (57). If f} = ¢4 # 0, ¢4 € R, then (46) reduces to

2Hy (afi f +C4f1)3 = 2acy f] + [—2 (C4f{)2f1 + (caf1)? f 4+ @ f1 | fo,

which is a polynomial equation in fy. It is easy to see that the the coefficient of the term of
degree 3 is 2H ( f{)?’ which cannot vanish. This completes the proof. O

Solving (58) concludes

Now let us assume that f; and fo to be polynomials of degree m and n, respectively. So, we
get

fi (u1) = amul” + amo1u] ™ i +ao, fa (u2) = Batly + Buo1ul Tt .+ Bruz + Bo, (59)

where o, [, # 0. Note that if we take m < 1 or n < 1, we already derive a non-existence result
because of the previous lemma. Therefore, it is assumed that m > 2 and n > 2. Next we have

Theorem 4.4. Let an affine factorable surface of type 2 in I3 given by
z=w(z,y) = fi(y+az)f2(2), a#0,

where f1 and fo are polynomials of degrees greater than or equal to 2. Then it cannot have
nonzero constant mean curvature Hy.

Proof. (46) can be rewritten as

(Fif2)? fifd = 2(F115)7 Fifo + (FLfY) fofff + Fufy + 2afl fo + a®f] fa—
—2Hoa® (f] f2)° — 6Hoa® (] f2)* f1fs — 6Hoaf] fo (fifs)* — 2Ho (f1.f5) = 0.

Replacing (59) into (60), we derive a polynomial equation in u; and ug in which all coefficients

(60)

vanish identically. The term of highest degree up to u; comes from f{ and its coefficient is
2Hoa3, (f5)* . This implies f} = 0 which contradicts with n > 2. 0
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5. SOME EXAMPLES

We provide and illustrate several examples for affine factorable surfaces of both types with
K, H constants.

Example 5.1. Let us consider the following surfaces:
(1) a minimal affine factorable surface of type 1, which is the graph

1 1
2= "2t sini(y+x)+cos§(y+:c) ,x,y € [0,27];

(2) an affine factorable surface of type 1 with K = —H = —1, which is the graph
z=az(y+x),zy € [-m,m;

(3) a flat affine factorable surface of type 2, which is the graph
x =cos(y+22),y,z € [0,7];

(4) an affine factorable surface of type 2 with H = 1, which is the graph

xr=+\/y+2zy,z € |0,10].
We can draw these surfaces as in Fig. 1,..., Fig. 4, respectively.

6. CONCLUSION

In the present paper, affine factorable surfaces with constant Gaussian and mean curvature
were classified. Without imposing some extra conditions, finding affine factorable surfaces of
type 2 with H = const # 0 is still an open problem. When f1 or f; is a linear function, and
both of them are polynomials, the problem was partially solved in this paper.
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Figure 1. A minimal affine factorable surface of type 1.
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Figure 2. An affine factorable surface of type 1 with K = —H = —1.

Figure 4. An affine factorable surface of type 2 with H = 1.
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