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AN INVERSE BOUNDARY VALUE PROBLEM FOR THE
BOUSSINESQ-LOVE EQUATION WITH NONLOCAL INTEGRAL
CONDITION

N.SH. ISKENDEROV!, S.I. ALLAHVERDIYEVA?2

ABSTRACT. The work is devoted to the study of the solvability of an inverse boundary value
problem with an unknown time-dependent coefficient for the Boussinesq-Love equation with
Nonlocal Integral Condition. The goal of the paper consists of the determination of the unknown
coefficient together with the solution. The problem is considered in a rectangular domain. The
definition of the classical solution of the problem is given. First, the given problem is reduced to
an equivalent problem in a certain sense. Then, using the Fourier method the equivalent problem
is reduced to solving the system of integral equations. Thus, the solution of an auxiliary inverse
boundary value problem reduces to a system of three nonlinear integro-differential equations
for unknown functions. A concrete Banach space is constructed. Further, in the ball from the
constructed Banach space by the contraction mapping principle, the solvability of the system
of nonlinear integro-differential equations is proved. This solution is also a unique solution to
the equivalent problem. Finally, by equivalence, the theorem of existence and uniqueness of a
classical solution to the given problem is proved.
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1. INTRODUCTION

There are many cases where the needs of the practice bring about the problems of determining
coefficients or the right hand side of differential equations from some knowledge of its solutions.
Such problems are called inverse boundary value problems of mathematical physics. Inverse
boundary value problems arise in various areas of human activity such as seismology, mineral
exploration, biology, medicine, quality control in industry etc., which makes them an active field
of contemporary mathematics. Inverse problems for various types of PDEs have been studied in
many papers. Among them we should mention the papers of A.N. Tikhonov [8], M.M. Lavrentyev
[4, 5], V.K. Ivanov [2] and their followers. For a comprehensive overview, the reader should see
the monograph by A.M. Denisov [1]. In this paper, we prove existence and uniqueness of the
solution to an inverse boundary value problem for the Boussinesq-Love equation modeling the
longitudinal waves in an elastic bar with the transverse inertia.
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2. PROBLEM STATEMENT AND ITS REDUCTION TO AN EQUIVALENT PROBLEM

Let T' > 0 be some fixed number and denote by Dp = {(z,t) : 0 <2 < 1,0 <t < T}. Consider
the one-dimensional inverse problem of identifying an unknown pair of functions {u(z,t),a(t)}
for the following Boussinesq-Love equation [7]

(2, ) — Uptzn (2, 1) — Qg (2, 1) — Bugy(z,t) = a(t)u(z, t) + f(z,1), (1)

with the nonlocal initial conditions

T
u(w,0) = p(e), w(e,0) = [ pO)ula, it +(z), o € (0.1 (2)
0
Neumann boundary condition
uz(0,¢) =0, t €[0,T], (3)
nonlocal integral condition
1
/uxtd:z:—o te 0,7, (4)
0
and overdetermination condition
u(0,t) = h(t), t € [0,T], (5)

where @ > 0, > 0 are known numbers, f(z,t),p(z), ¥ (x),p(t), and h(t) are given sufficiently
smooth functions of € [0,1] and ¢ € [0, T7.
We introduce the following set of functions

C®2(Dr) = {u(@,t) : u(z,t) € C*(Dr), tstza(x,t) € C(Dr)}.
Definition 2.1. The pair {u(z,t),a(t)} is said to be a classical solution to the problem (1)-(5),
if the functions u(x,t) € C?2(Dry) and a(t) € C[0,T] satisfies an equation (1) in the region Dr,
the condition (2) on [0,1], and the statements (3)-(5) on the interval [0,T] ordinary meaning.
In order to investigate the problem (1) - (5), first we consider the following auxiliary problem

y"(t) = a(t)y(t), t €[0,T], (6)
y(0) = 0, 4/(0) = / p(y(t)dt, (7)
0

where p(t),a(t) € C[0,T] are given functions, and y = y(t) is desired function. Moreover, by the
solution of the problem (6), (7), we mean a function y(t) belonging to C2[0,T] and satisfying
the conditions (6), (7) in the usual sense.

Lemma 2.1. [6] Assume that p(t) € C[0,T], a(t) € C[0,T], [la(t)|cm < R = const, and
the condition

1
<Hp(t)HC[O,T] + 2R) T? <1,

holds. Then the problem (6)-(7) has a unique trivial solution.

Now, along with the inverse boundary value problem (1)-(5), we consider the following auxil-
iary inverse boundary value problem: It is required to determine a pair {u(z,t), a(t)} of functions
u(z,t) € C>2(Dr) and a(t) € C[0,T] from relations (1)-(3), and

ugy(1,¢) =0, t €[0,T7, (8)
R () — gt (0, 1) — Qyze (0, 1) — Buge(0,t) = a(t)h(t) + £(0,t), t € [0,T]. (9)
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The following lemma is valid.

Theorem 2.1. Suppose that o(z),1(z) € C*0,1], ¢'(1) =0, ¥'(1) =0, p(t) € C[0, T] p(t) <

0, h(t) € C?[0,T], h(t) #0, t €[0,T], f(x,t) € C(Dr), ff z,t)dx =0, t€[0,T], &< —8>0,
and the compatibility conditions
1 1
/(p(m)dm =0, /w(x)dx =0, (10)
0 0
T
(0) = ¢(0), (0) = [ p(O)b()de -+ (0) (11)
0

hold. Then the following assertions are valid:

(i) each classical solution {u(x,t),a(t)} of the problem (1)-(5) is a solution of problem (1)-
(3), (8), (9), as well as;
(i) each solution {u(z,t),a(t)} of the problem 1)-(3), (8), (9), if

1
(16O llegory + 3 la@rom ) 72 < 1. (12)

is a classical solution of problem (1)-(5).

Proof. Let {u(z,t),a(t)} be any classical solution to problem (1)-(5). By integrating both sides
of equation (1) with respect to = from 0 to 1, we find

1
d—Q /u x,t)dx — (Upz(1,1) — g (0,1)) — (e (1,t) — u (0, ) —
0

1 1
—B(ug(1,t) — ugy(0,t)) = a(t)/u(z dx—l—/f z,t)dx, t € [0,T). (13)
0 0
Using the fact that Dflf(a:, t)dx =0, t € [0,T], and the conditions (3),(4), we find that:
stz (1,1) + auge (1, 1) + Pug(1,t) =0, t € [0,T]. (14)
It’s obvious that the general solution of equation (14) has the form:
ug(1,t) = cre!tt + coet?t (15)

where cq, co are the unknown numbers and

a a? a a?
Ml——g—\/z—ﬁa M2——§+ Z_B

By (2) and ¢'(1) =0, ¢/'(1) = 0 we obtain:

T
us(1,0) = /(1) = 0, uia(1,0) = [ p(Bpus1, 1t = v'(1) 0. (16)
0

Using (15) and (16) we obtain
T
c1+c =0, cip1+ copog — /p(t)(cle“lt + coet?t)dt = 0.
0
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Hence we find:
T

€1 = —C2, Ca| U2 — M1 — /p(t)(emt - €M1t)dt =0.
0

By p(t) <0, p2 — p1 = 2\/— — B >0, from the latter relations we have ¢; = ¢z = 0.

Putting the value of ¢; = ¢ = 0 in (15), we get that the problem (14), (16) has only the
trivial solution, i.e. we conclude that the statement (8) is true.

Setting z = 0 in equation (1), we find

(0, 1) — Uptzz (0, 1) — @ty (0, 1) — Bugs(0,t) = a(t)u(0,z) + f(0,t), t € [0,T].  (17)
Taking into consideration h(t) € C?[0,T] and twice differentiating (5) we have
uin(0,1) = K'(1), t € [0,7]. (18)

From (17), taking into account (5) and (18), we conclude that the relation (9) is fulfilled.
Now, assume that {u(z,t),a(t)} is the solution to problem (1)-(3), (8), (9). Then from (13),
1

taking into account the condition f f(z,t)dz =0, t € [0,T] and relations (3), (8) we have

1 1
d
2/uxt /ua:tdw t €1[0,7T). (19)
0 0

Furthermore, from (2) and (10) it is easy to see that

flu(:n, 0)dx = }gp(w)d:z: =0,
01 0T 1 1 T 1
[ wi(x,0)dz — [ p(t) <f u(a:,t)dx) dt= [ <ut(ac,()) - fp(t)u(m,t)dt) dz = [¢(z)dz = 0.
0 0 0 0 0 0
(20)
Since, by Lemma 2.1., problem (19), (20) has only a trivial solution. It means that
1
/u(m,t)dw =0, t 0,7,
0
i.e. the condition (4) is satisfied.
Next, from (9) and (17), we obtain
2
253 (0(0,6) = h(t)) = a(t)(u(0,8) ~ h(1)), 0 ¢ < T 1)
By virtue of (2) and the compatibility conditions (11), we have
u(0,0) — h(0) = ¢(0) — h(0) = 0,
T T
w(0.0) = H0) = [ p(O)u(0.0) ~ b(R)dt = 0, (0,0) = [ ple)u(0, e~
0 0
T T
- = [porwa | oo - (WO~ [pop0d ) <o (22)
0 0

Using Lemma 2.1., and relations (21), (22), we conclude that condition (5) is satisfied. = O
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3. EXISTENCE AND UNIQUENESS OF THE CLASSICAL SOLUTION

We seek the first component u(z,t) of classical solution {u(z,t),a(t)} of the problem (1)-(3),
(8), (9) in the form

u(a,t) = up(t) cos gz, A =k, (23)
k=0
where
1
up(t) = my /u(x,t) cos \pxdr, k=0,1,2,...,
0
and

2, k=1,2,....
Then applying the formal scheme of the Fourier method, from (1) and (2) we have

(14 ADuj(t) + aXjuy(t) + BAjur(t) = Fp(tu,a), k=0,1,2...; 0<t <T,  (24)

{ 1, k=0,
my =

T

ug(0) = @g, up,(0) = ¢y + /p(t)uk(t)dt, k=0,1,2..., (25)
0

where
1

Fi(ts,0) = o) + al)un(0), fult) = me [ f(a.t)cos yads,

0
1 1
oK = mk/go(x) cos A\gzdzx, Pi(t) = mk/w(az) cos \gxdr, k=0,1,2,....
0 0
It is obvious that A2 < 1+ A? < 2A% (k =1,2,...). Therefore
2 242 2
2—5<M—5<i—5 (k=1,2,..).

Now, suppose that %2 — 8 > 0. Solving the problem (24)-(25), we find

T t
uo(t) = o+t | o+ /p(t)uo(t)dt + / (t — 7)Fo(T;u,a)dT, (26)
0 0
. T
ug(t) = — (,Ule'ulkt - ,Uflke'u%t) wE + (e“%t — e‘“’“t) U + /p(t)uk(t)dt +
Yk ;
. t
+ 5 /Fk(T;U, a) (e“zk(t—ﬂ — e””“(t_T)) dr| (0<t<T; k=12,..), (27)
0

where

2(1+A9) 41+ A2 1+ A7

X} a?)\? B
i T kE__ _ ,
H2k = o+ 22 ’“\/4(1+A§)2 1+ A2
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= =y N 5
Ve = M2k — M1k = 22k 4(1_’_)\%)2 1"‘)‘%

Differentiating (27) twice, we get:

T
1
u(t) = o [1kpor (eF+0 — e2) o + (poret" — e ) | g + /P(t)uk:(t)dt +
0

t
/ (1;u,a) M%e#%(t—ﬂ_ ulkeﬂlk(t—T)) dT} 0<t<T; k=1,2,...), (28)
0

1
up(t) = . [1pior (pake™ — poret*') o+

t
1
+ (et = e ) ok / F(rsu,a) (pdyerart=m)—
0

- /ﬁke’“’“(t_ﬂ> de| + Fy(tyu,a) (k=1,2,...). (29)

1
1+ X7

To determine the first component of the classical solution to the problem (1)-(3), (8), (9) we
substitute the expressions ug(t) (k= 0,1,...) into (23) and obtain

T t
u(x,t) = po+t | o+ /p(t)uo(t)dt + / (t = 1)Fo(T;u,a)dT+
0 0
+ Z — (M2k6“1’“t - ,ulke“%t) Yk + (6“2’“t — e‘“kt) Y + /p(t)uk(t)dt +
Yk
k=1 0
¢
+ 1 5 /Fk(T;u,a) (6”2k(t_7—) — e“lk(t_T)) dr COS A\, (30)
1+ A7 /
It follows from (9) and (23) that
a(t) = [h(t)] ™ {h” )+ > (ARui(t) + adfug(t) + miuk@))} : (31)
k=1

By (24) and (29) we have:
ARt () + adfug,(t) + BAZuk () = Fi(m3u, a) — uj(t) =

T
1
T (k€™ — popet™') op + (ugpel® — pfpet ) [ 4y, + /p(t)Uk(t)dt +
0
t
! 2 ohok(t=7)_ 2 opak(t—T)
+1 + A2 Fk(T;ua a) (:LLle 2k — pipett )dT +
"0
)\2
+1+)\2 (tua) (OStST, k:1,2,) (32)

By substituting expression (32) into (31), we obtain the equation for the second component
of the solution to problem (1) - (3), (8), (9):

a(t) = [A(O]7 {1 () = f(0, 1)+
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T
o0
1
-> ol L (ke — pore') or, + (p3pet™t — piet ) | gr + /p(t)uk:(t)dt +

t

)\2
/ Fy(riw, ) (et = et dr| - ZEoRutua)| p. (33)
L+ X
0
Thus, the solution of problem (1) - (3), (8), (9) was reduced to the solution of system (30),
(33) with respect to the unknown functions u(z,t) and a(t).
Lemma 3.1. If {u(x,t),a(t)} is any solution to problem (1) - (3), (8), (9), then the functions

1

+1+)\§

1
ug(t) = myg /u(:v,t) cos \pzdr, k=0,1,2,...,
0

satisfy the system (26), (27) in C[0,T].
It follows from Lemma 2.2. that

Corollary 3.1. Let system (30)-(33) have a unique solution. Then problem (1) - (3), (8), (9)
cannot have more than one solution, i.e. if the problem (1) - (3), (8), (9) has a solution, then
it 18 unique.

With the purpose to study the problem (1) - (3), (8), (9), we consider the following functional
spaces.
Denote by B3 [8] a set of all functions of the form

u(z,t) = Zuk(t) cos \gx, A\, = km,
k=0

considered in the region Dp, where each of the function ug(t) (k= 0,1,2,...) is continuous over
an interval [0, 7] and satisfies the following condition:

o0

J(u) = [luo(t)ll oo + {Z (A} |Uk(t)|c[o,T})2} < +o0.

k=1
The norm in this set is defined by

o, 1)1 s, = T (o).

It is known that B%T is Banach space.
Obviously, E3. = BS’T x C[0,T] with the norm

ot )L, = e, D)l gz, + la®llogom

is also Banach space.
Now, consider the operator

O (u,a) = {P1(u,a), P2(u,a)},

in the space E%, where
o
Oy(u,a) = iz, t) = Y ik(t) cos Apz, Pa(u,a) = a(t)
k=0

and the functions g (t), ax(t), k = 1,2,..., and a(t) are equal to the right-hand sides of (26),
(27), and (33), respectively.
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It is easy to see that

ik < 0, etirt <1, etintT) <1 (=12 0<t<T; 0<7<1),

a\y a2 B a; .
NES - < <a (i=12),
el < ’“(2(1+A§)+\/4(1+A§)2 1+x2 ) —1ea2 =" (@ )

)\2
I3 5’ 1 1 1

< < = < = Y0-
1+ )\2 ’Yk o ] X (_etX B 2./ (2 3
1+A2 \4(1+A9)2 2\ 8
Taking into account these relations, by means of simple transformations we find:

1o (®)llcpory < lol + T 1ol + T2 lp(t)ll oo,y lwo(®)ll ooy +

|pkpior| <

T 3
+TVT (/ | fo(m)? dT) + 712 la(®)ll 10,7 w0 @)l o177 - (34)
0

1
2

(Z(Az||ak<t>|rcm,ﬂ>2> < VBar (Z (A2 lorl) ) +
k=1

k=1

k=1 k=1

+V570 (Z (AR [l ) +70V5T (/i (Ae [ fr(T ) +
0

D=

+V5T(lp ey + e lloo.r) (Z (A} \Uk(t)HC[o,T])2> ; (35)
k=1

la(®) e < H[h(t)]_IHC[O,T] X

x {I!h”<t> = 0.0l ooy + (Z Aﬁ) {ww (Z (O lsokl>2> +
k=1

k=1
+2a%y0 ( (AR |¢k)2)

N =
N[

+20°yT Ha(t)HC[O,T] (Z (A% Huk(t)HC[O,T])2> +

=1 k=1
T 3 L
[ee) oo 2
+20°30VT (/Z Ak | (T T) + 20707 [la(t)l| co 1y (Z ()‘2||uk(t)||C[O,T])2) +
5 k=1 k=1

+ (Z (Ak ka(t)HC[O,T})2> + lla®ll o, (Z (A2 ”uk(t)HC[O,T})2> ] } : (36)
k=1 k=1

Suppose that the data for problem (1)-(3), (8), (9) satisfy the assumptions:
A) p(x) € C?[0,1], ¢"(x) € L2(0,1), ¢'(0) = ¢'(1) = 0;
B) ¢(z) € C?[0,1], ¢"(x) € L2(0,1), ¢'(0) = ¢'(1) = 0;
C) f(z,t), fa(,1), fa(z,t) € C(Dr), frza(w,t) € L2(Dr), f2(0,t) = fo(1,8), 0 <t < T
D) p(t) € C[0,T], h(t) € C*[0, T}, h(t) #0, 0 <t <T;
E) a>0, >0, ——B>O
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Then from (34)-(36) we correspondingly find

o)l < 1@ 10,1y + T IE@ Ly01) + TVT N (@, D)l oy +

+7? Hp(t)”C[O,T] HUO(t)Hc[o,T} + 17 ||a(t)HC[0,T} ”Uo(t)Hc[o,T] ) (37)

1

00 2
{Z (A ||ﬂk(t)”0[o,T])2} <V5ax 1" @] L0y + V57 14" @) Ly 01) +

k=1

NI

+90VET | o, Dl £y + VBT 0 28| o7 (Z (A} Huk@)ucm)Q) +

k=1

k=1

+V5T la()llcom (Z (A7 Huk(t)HC[O,T])2> ; (38)

=

2

() e < H[h(t)]_IHC[O,T] {h”(t) - f(ovt)HC[O,T} + (Z >‘k2> x
k=1

X [2045’70 HSOW(SU) HLQ(O,l) + 2042’Y0 }|¢/,,($) HLg(O,l) + 2a270\/f [| fa(, t)HLQ(DT) +

00 2
+2050 T (lp(t)ll oo,y + lla(t)llogo,z) (Z (A2 Huk(t)HC[O,T})2> +

k=1
] } -
It follows from (32) and (33) that
(. )l g, < 41(T) + Bi(T) [alt) ooz N, D) g, + Co(T) [l D, (40)

[NIE

" H 1 fo (@, )l cpo.y HL2(0,1)

+ lla(®)ll o1y (Z (A2 ||Uk(t)”0[0,T})2>

k=1

where
AT = @) Ly01) + T 1@ £y 0.0) + TVT N F (@0l Ly(Dp) +

VBar0 |9 @) 0y + V50 [ @)1 00) + 10VET £, Oy
Bi(T) = T? +40V/5T,
Cr(T) = T(T + V520 [0l 11
Further from (34), we may also write
()l ctom < As(T) + Ba(T) |t g (e, )l g, + Co(T) Juler, )l g, . (41)

where

Ao(T) = ([ | oz IR @) = £O. )| o,y + (Z )‘EQ> %
k=1

" "

20850 @) 1,00, + 20%70 9@ 0 +

onl}

By(T) = [[[M0] ™ | oo,y (Z (A;2)> (20%70T + 1),

k=1

+20290V T | fa @, )y gy + || @ Dll oy
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o0

1
2
chr=MMwJWbpﬂ<§jcw%) T (Ol -
k=1
From the inequalities (39) and (40), we conclude that

e, Ol , + 160l < AT) + B a®ll oz e, Ol g+ CT) e, )l g (42)
where
A(T) = A(T) + Ax(T), B(T) = Bi(T) + Ba2(T), C(T)=Ci(T)+ Co(T).
Thus, we can prove the following theorem:

Theorem 3.1. Assume that statements A-E and the condition

(B(TY(A(T)+2)+C(T)(A(T)+2) <1, (43)
hold, then the problem (1)-(3), (8), (9) has a unique solution in the ball K = KR(HZHE% <R<
A(T) +2) of the space E3..

Remark 3.1. Inequality (43) is satisfied for sufficiently small values of T'.

Proof. In the space E3., consider the operator equation
z=®z, (44)

where z = {u,a}, and the components ®;(u,a) (i = 1,2), of operator ®(u,a) defined by the
right sides of (30) and (33), respectively and the following inequalities hold:

192]] g5 < A(T) + B(T) lat)llcpory l[ulz, )| gy .+ C(T) [Julz, )|l g3 . <

< A(T)+ B(T)R* + C(T)R = A(T) + (B(T)(A(T) + 2) + C(T))(A(T) + 2), (45)
121 = @22 gy < BT)R(|Jur(w,t) —ua(z, ) pg . + llar(t) — az(®)llcpo,r)+
FOT) un (1) — uae. ) g (46)
Then it follows from (43), (45), and (46) that the operator ® acts in the ball K = Kpg, and
satisfy the conditions of the contraction mapping principle. Therefore, the operator ® has a
unique fixed point {z} = {u, a} in the ball K = K which is a solution of equation (44); i.e. the
pair {u,a} is the unique solution of the systems (30) and (33) in K = Kg.
Then the function u(x,t) as an element of space BS’T is continuous and has continuous
derivatives uy(x,t) and uyy(x,t) in Dp.
Now, from (28) it is obvious that u} (t) (k = 1,2, ...) is continuous in [0, 7] and from the same
relation we get:

(z o Huzu)ucw?) < 3330 ") 00, + 2930 @) o +

k=1

1
o0 2
+mvwmaﬂamm@ﬂ+mwﬁmmmmﬂ+mmkmw<§x&wmmmwf>.
k=1
Hence, it follows that u(x,t), ug(x,t), and u,(x,t) are continuous in Dyp.
Next, from (24) it follows that u}/(t) (k = 1,2,...) are continuous in [0, 7] and consequently
we have: Equation (24) gives

1 1
2

Z()‘kHullc/(t)Hcgj)z <2« Z()‘%Hu;e(t)ucoj)z +
(0,71 [0,7]

k=1 k=1
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[e.o]

1
2
+w<2}&wmw%mmﬁ +2|Ifaler )+ a®us(e Dlegon ., -
k=1 ’
From the last relation it is obvious that us(z, t), wi (2, t), and wy,(x,t) are continuous in Dy.
It is easy to verify that equation (1) and conditions (2), (3), (8), (9) satisfy in the usual sense.
So, {u(z,t),a(t)}, is a solution of (1)-(3), (8), (9), and by Lemma 2 it is unique in the ball
K = Kg. ]

In summary, from Theorem 2.1 and Theorem 3.1, straightforward implies the unique solvabil-
ity of the original problem (1)-(5).

Theorem 3.2. Suppose that all assumptions of Theorem 3.1, and the conditions
1

1 1
/cp(x)dx =0, /w(x)cm =0, /f(x,t)da: =0, te€0,T], p(t) <0, te[0,T],
0 0

0
T
Mmzwmxhﬂnz/fmmwﬁ+wm»
0

(I6Ollegoz; + 54T +2) T <1

hold. Then problem (1)-(5) has a unique classical solution in the ball K = Kg(||z| gg < A(T)+2)
of the space E%
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