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FIXED POINT ON CONVEX ,-METRIC SPACE VIA ADMISSIBLE
MAPPINGS
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ABSTRACT. In this manuscript, we define a convex admissible mapping. Using this notion,
we consider specific contraction involving rational terms via convex admissible mapping. We
investigate the necessary and sufficient requirement to guarantee a fixed point in the framework
of convex b-metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point notions appeared in the papers that provided certain solutions to the particu-
lar differential equations at the end. Banach [8] abstracted the first independent metric fixed
point theory. Since then, the connection between the metric fixed point theory and applied
mathematics has been advanced, see e.g. [1, 4]. The concept of b-metric can be considered the
most valuable generalization of the metric put forward to date. The idea of b-metric appeared
n [12], first, in 1974. This notion was also announced as a quasi-metric [9, 10, 11]. After the
papers of Czerwik [15, 16] and Bakhtin [7], b-metric began to attract the attention of researchers
[2, 5, 6, 3, 17, 19, 20, 14, 18, 21]. Roughly speaking, although b-metric axioms are very similar
to the metric, the topology produced by b-metric has severe structural differences. For instance,
b-metric is not need to be continuous.

On the other hand, metric spaces endowed with a convex structure is one of the interesting
research topic, see, e.g. [23]. Very recently, in [13], the authors considered convex b-metric
spaces and proved a certain fixed point theorem in this framework.

In this paper, we first consider to define admissible mapping for the set endowed with a convex
structure. We get new type contractions by employing this notion to contractions involving
rational terms. We prove the existence of a fixed point of such mappings in the context of
convex b-metric spaces.

We start by recalling the following basic definition. Let U be a non empty set, a number s > 0
and m: U x U — [0, +00) withe the following axioms:

(m1) m(z,0) =0< v =o;

(m2) m(z,0) =m(o,v);

(m3) m(z,0) < m(v,u) 4+ m(u,o);
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(mg) m(z,0) < s[m(z,u) + m(u,o);
where v, 0, u € U.
We say that the function m is a metric on U if satisfies the axioms (m1), (m2), (m3) and it is a
b-metric on U if satisfies (my1), (m2), (m4). Moreover, a non-empty set endowed with a metric
(b-metric) is called a metric (respectively, b-metric) space.
Related to b-metric space we recall the following important result.

Lemma 1.1. [22] If {v,} is a sequence in a b-metric space (U,b) with the property that there
exist k € [0,1/s) and K > 0 such that

b(vp, vnt1) < K"K,
for any n € N, then {v,} is a Cauchy sequence.

Let now (U,d) be a metric space and J = [0,1]. A mapping w : U x U x J — U is a convex
structure on U if
d(u,w(z,0;N)) < Ad(u,2) + (1 — N\)d(u, o), (1)
for each (v,0,\) € U x U x J and u € U. Moreover, the set U together with a convex structure
w is said to be a convex metric space. (see [23]).
Recently, in [13], the notion of b-convex metric space was introduced.

Definition 1.1. [13] Let (U,b) be a b-metric space (with s > 1), w: U x U x J — U be a convex
structure on U and J =[0,1]. The triplet (U,b,w) is called a convex b-metric space.
Example 1.1. [13] Letting U = R™ and b : U x U — [0, +00), with b(v,0) = >°7_;(v; — 0;)?,
with v = (o1, %, ..., %), 0 = (01,02, ...,0,) € U we get that (U,b) is a b-metric space (s = 2).
Moreover, choosing the function w : U x U x [0,1] — U defined as
w(z,0,A) = Ao+ (1 — Ao,
for v,0 € U, then (U,b,w) becomes a convex b-metric space.
Example 1.2. [13] IfU =R, letb: U x U — [0, +0c0), where b(v,0) = (v — 0)? be a b-metric
on U (here s =2). Thus, (U,b,w) forms a convex b-metric space, where w: U x U x [0,1] — U
1s defined as
w(z,0,A) = Ao+ (1 — Ao,
for any v,0€ U and X € [0,1].
Theorem 1.1. [13] Let (U,b,w) with s > 1 be a complete conver b -metric space and F : U — U
be a mapping. Supposing that there exists k € [0,1) such that
b(Fz,Fo) < kb(w, o). (2)
Let vy € U be such that b(w, Fop) < 0o and the sequence {v,} be defined by v, = w(vp—1, Fop—1, An—1),
where 0 < A\p—1 < 1 and n € N. Then, F has a unique fixed point provided that k < %4 and
1
0<)\n<%,foreachn€N.

Theorem 1.2. [13] Let (U,b,w) with s > 1 be a complete convex b -metric space and F : U — U
be a mapping. Supposing that there exists k € [0,1/2) such that

b(Fv,Fo) < k[b(v, Fv) + b(g, Fo)]. (3)
Let vy € U be such that b(w, Fop) < 0o and the sequence {v,} be defined by v, = w(vp—1, Fop—1, An—1),

where 0 < \,,_1 < 1 and n € N. Then, F has a unique fized point provided that 0 < xk < ﬁ and

0<)\n<ﬁ,foreachn€N.
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2. MAIN RESULTS

Definition 2.1. Let U be a non-empty set, o : U x U — [0, +00) be a function and w : U x U x
[0,1] — U. A mapping F : U — U is called a-w admissible if for any v,0 x U,

a(v,0) > 1 = a(w(z,Fo,A\1),w(o,Fo, A2)) > 1, (4)
whereAi, Ay € [0, 1].

Lemma 2.1. Let F: U — U be an a-w-admissible mapping, w,v1 € U such that a(w,v1) > 1
and the sequence {u,} in U, where

Un = W(ynfla Fvnfla )\nfl)a (5)
An—1 € [0,1]. Then, a(vy, vn+1) > 1, for any n € N.

Proof. By the hypotheses, we have that there exist v,z € U such that a(w,» ) > 1. Then,
since the mapping F is a-w-admissible, by (4) together with (5) we have

a(y07 7/1) >1= Oz(W(Z)o, Fvo,)\o),w(vl, Fvla )\1)) = 04(1/1, 7)2) > 1a
where A, Ay € [0,1]. Therefore, repeating this procedure we get that
(v, vp+1) > 1, for any n € N.

O

Theorem 2.1. On a complete convex b-metric space (U,b,w) with s > 1, let F: U — U be an
a-w-admissible mapping such that there exist k1, k2 € [0,1) with the property that

b(w, 0)b(o, Fo)

a(v, 0)b(Fo,Fo) < Kk b(v. Fo)

+ kob(w, 0), (6)

for all v,0 € U\ FizgU. Suppose that:

(1) there exists vy € U such that b(w, Fwp) < oo and a(w, v1) > 1, where the sequence {vy}
is defined by v, = W(vp—1,Fop_1, \n—1), with 0 < A\,—1 <1 for any n € N;

(2) K1+ kK2 < 1o and Ay < 5

(3) alvs, ) > 1 for any sequence {w,} in U such that a(v,,vn41) > 1 and v, — v, as
n — oo.

Then, the mapping F has a fized point.

Proof. Let v, v1 be two points in U such that a(w, ) > 1 and b(w,Fu) = K < oco. Thus,
taking into account Lemma 2.1, letting v = v,—1 and o0 = v, in (6), (where the sequence {7,} in
U is defined by (5)) we have

b(vn—1, vn)b(vn, Fop)
b(vn—la FUn—l)

But, since the space (U,b,w) is a convex b-metric space, and keeping in mind (5),
b('[/na 7/nJrl) = b(”rn W(an Foy, )\n))

< Apb(on, v) + (1 — A\p)b(op, Foyp) (8)

b(F'”n—lv Fyn) < a('”n—la 'Un)b(F'”n—la Fyn) <K

+f€2b(7/n—17'”n)‘ (7)

= (1= Ap)b(wy, Fop),
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for any n € N, where A, € [0,1]. On the other hand, by (my).
b(vn, Fon) = b(w(op—1,Fon_1,A\n—1), Fon)

< )\n,lb(vn,l, Fﬂn) + (1 - )\nfl)b(F’”nfla F”n)
< sAp—1b(vn—1,Fop—_1) + sAp—1b(Fo,—1,Fo,) + b(Fo,—1, Fop)

= 5>\n—1b(7/n—17 F’Vn—l) -+ (5)\71—1 -+ 1)b(F7/n_1, F’Un)

Thereupon, by (7) we have

b('”na Fyn) < SAn—lb('”n—la F”n—l) + (5)\71—1 + 1) (Hl b(vg(;i’j?,)#z(,:if)vn) + /in(Un—ly '”n))

< sAp—1b(vn—1,Fop_1)+

(A + 1) (g Umtfplencsfonafblonfen) 41— A, b1, Fotp1) )
= 5/\n—1b(7/n—17 Ffln_l) + (5)\71—1 + 1)/431(1 — )\n_l)b(vn, Fz/n)—i—
+(5)\an + 1)52(1 - )\nfl)b(vnfla Fynfl)

< sAp—1b(vn—1, Fon—1) + (s n—1 + 1)k1b(on, Fon) + (sAn—1 + 1)k2b(vp—1, Fo—1)

Therefore,
SAn—1(1+ ko) + K
(o, Fon) < (15& : fgl)ﬁfb(ynl, Fon_1). (9)
ne
Denoting C,, = %, by (2) we get C), < %, when s > 1 and then

n—1 n—1
1
b(vn, Fon) < Cro1b(vn_1,Fop_1) < ... < H Cjb(w, Fup) = K - H Cj< K.
7=0 7=0
From the above inequality, on one hand we conclude that

nh_)n<r>10 b(n, Fo,) =0 (10)

and on the other hand, returning in (8) we have

n—1

b(v, opr1) < (1 — Ap) H C; K <
j=0

1

2sn+1 s

Furthermore, by Lemma 1.1 we have that {=,} is a Cauchy sequence on U. Thus, using the
completeness of U, we get there exists », € U such that lim b(w,, z.) = 0. Now, supposing that
n—oo

v # Fo, and using (my), (6) and the assumption (3), we have

0 < b(Foy, o) < s[b(Fos,Foy) + b(Fop, o))
< sb(Foy, Fo,) + s2b(Fon, o) + s2b(vp, o)

< sa(vy, vn)b(Fox, Fop,) + s2b(Fop, v,) + 52b(vp, v:)

< s[m% + kab(vy, on)] + s2b(Fon, ) + s2b(, o).

Letting n — oo in the above inequality and keeping in mind (10) and (11) we get b(Foy, ) =0,
which shows that v, is a fixed point of the mapping F. O
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Example 2.1. Let U = [0,4] and the mapping F : U — U defined as
0, forwzel0,1)U(1,2)U(2,4)
Fv=< 1, forwve{l,2}
2 forv=4
Let b : UxU[0,+00), where b(v, 0) = (v—0)*> andw : Ux U x {£} = U, w(v, 0) = 2152 Thus,
by Example 1.2, we have that the triplet (U,b,w) forms a convex b-metric space.
Let the mapping o : U x U — [0, +00), defined as:

2, for (v,0) €10,1]

) 1, for (v,0) =(2,4)
01(7/, 0) - 3’ for (7/, 0) _ (%’ ?j)

0, otherwise
First of all, let’s check that the mapping F is a-w admissible.
(1) For v,0€ [0,1], we have w(v,Fv, ) = &% € [0,1]. So,

1
0(0,0) = 2 = a(w(v, Fo, 1), w(o, Fo, 1-)) = 2
(2) For (v,0) = (2,4), since w(2,F2, &) = 2% = 28 and w(4,F4, ) = 122 = 38 e have
1 1 18 36
2,4)=1 w(2, F2, w(4,F4, —)) = ;
(3) For (v,0) = (12, 25), since w(%?,FN, +) = % <1 and w(38,F38 L) = % <1, we

have

18 36 18 36
a(ﬁ, 1—7) =3 = a(ﬁ, 1—72) =
Letting up = 0, since «(0,0) = 2 and b(0,F(0)) = 0, we have v = % =0,...,opb = 0.
Consequently, v, — 0 as n — oo.
Letting wp = 1, since b(w,Fw) = 0, we have vy = 141'716 =1,..,u, = 1. Then, a(w,v) =
a(l,1) =2 and v, — 1 as n — oco. Thus, the assumptions (1) and (3) hold.

Choosing k1 = kg = 3%1, and since A\, = A = %7, and taking into account the definition of
function o, we have:
1) For (v,0) € (0,1), since Fv = 0, the inequality (6 is obviously satisfied.
Yy Yy

(2) For (v,0) = (2,4), we have
b(2,4) = 4, b(F2,F4) = b(1,2) = 1, b(2,F2) = 1, b(4, F4) = b(4, 2) = 4.
Then,

181 1 b(2,4)b(4, F4)

_ <18 ISt Rt ek a4
1 a(2,4)b(F2,F4)_341 34 b(2, F2)

+ /in(Q, 4)

so the inequality (6) holds.
(3) For (v,0) = (12, 32), we have b(F12,F3%) = 0 and of course, (6) holds.
Therefore, by Theorem2.1 the mapping F has fized points, these are v =10 and o = 1.
We remark that, letting for example v =2 and o = 4, we have

b(F2,F4) = b(1,2) = 1 < 4k = rb(2, 4)

ges us K > % So Theorem (1.1) can not be applied (there is the condition k < 1s* = 1/16 in

our case.)
Also, since from
b(F2,F4) = b(1,2) =1 < 5k = k[b(2,F2) + b(4, F4)]
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it follows k > 1/5, neither Theorem 1.2 can not be applied (the condition k < 452 = 1—16 s not
satisfied.

Corollary 2.1. On a complete convex b-metric space (U,b,w) with s > 1, let F: U — U be a
mapping such that there exist k1, k2 € [0,1) such that
b(z, 0)b(o,Fo)

b(v, Fo)
for all v,0 € U\ FizgVU. If there exists v € U such that b(w, Fuw) < 0o, let {v,} be the sequence
defined by vy, = w(vp_1, Fvn LAn—1), 0 < A\p—1 <1 for any n € N. Then, the mapping F has a
fixed point if kK1 + Ko < 2 and A, < 1

b(Fz,Fo) < k1 + Kab(7, 0), (12)

Proof. Letting a(u,v) = 1 in Theorem 2.1 the proof follows immediately. O

Theorem 2.2. On a complete conver b-metric space (U,b,w), let F : U — U be an a-w-
admissible mapping such that there exist k1, ko € [0,1) with the property that
[b(, 0) + 1]b(o, Fo)

Fo,Fo) <
o(, 0)b(Fv, Fo) < b(v,Fo) +1

kab(v, 0), (13)

for all v,0 € U. Suppose that:
(1) there exists vy € U such that b(w, Foy) < coand a(w, v1) > 1, where {v,} is the sequence
defined by vn = w(o—1, Fvn A1), 0 < Ap—1 <1 for any n € N;
(2) K1+ Ko < 4—2 and N\, < 42,
(3) alvs, m) > 1 for any sequence {w,} in U such that a(vy,vny1) > 1 and v, — v, as
n — oo.
Then, the mapping F has a fixed point. Moreover, if a(os,v) > 1 for every o, v. € Fixg(U),
then the fixed point of F is unique.

Proof. Let w, v1 € U satisfying the conditions in (1). As in the previous proof, we construct the
sequence {z,} in U as
Un = W('”n—la Fon-1, )\n—l)a

where A,_1 € [0,1],for anyn € N. Thus, since b(vp, vp1+1) < (1 — A\p)b(on, Fop), for any n € N,
we have

b(”na F'Un) = b(W(Unfla Fvnfly Anfl)y Fyn)
< )\n—lb(yn—la Fvn) + (1 - An—l)b(FWn—lv Fyn)
< sAp—1b(vn—1,Fop_1) + sAp—1b(Fo,—1,Fo,) + b(Fo,—1, Fop)

= s)\n_lb(z)n_l, FUn—l) -+ (5)\71—1 -+ 1)b(F7}n_1, F’(/n)

< sAn-1b(on—1, Fop—1) + (sAn-1 +1) ("61 2noa o fon ol Fon) 4
+r2(1 — Np—1)b(op—1, Fon—1))

= sAn—1b(vn—1,Fon—1) + (sAn—1 + 1)r1(1 — A\p—1)b( 2, Fop )+
+(sA 1 + Dr2(1 — Xp—1)b(v—1, Fop_1)

< sAp—1b(vn—1,Fop—1) + (s An—1 + 1)k1b(wp, Fo,)+

+(5)\n—1 + 1)/12[2)(71”_1, F’Un_l).
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Therefore,

(o, Fon) < sAn—1(1 4 K2) + ko
R (5)\,171 + 1)/@1

Consequently, by a verbatim repetition of the lines of the previous proof we obtain that lim (b(wv,, Fz,) =
n—oo

0 and also, the sequence {#,} is Cauchy on a complete convex b-metric space, so, there exists

b(’l/n_l, Fvn_l).

v« € U such that v, — v, as n — oco.
We claim that », € Fizg(U). Supposing on the contrary,

0 < b(Foy,z) < s[b(Fuy,Fo,) + b(Foy, 2,)]
< sb(Foy, Fo,) + s2b(Fon, o) + s2b(vp, o)
< sa(vy, vn)b(Foy, Fo,) + s2b(Fop, v,) + s2b(vp, o)

< sy Bl ol en) 4ot (0,, 0,)] + 5%b(Fon, o) + 52b (o, 02).

Since the right part o this inequality tends to b(Fu, i), as n — oo, we get b(Fu,, z.) = 0. To
prove the uniqueness of the fixed point, we assume by contradiction, that there exist oy, v, €
Fizg(U), with o, # z.. Using the supplementary condition, a(ox,v.) > 1 for any o, v, €
Fizg(U), by (6) we have

0 <b(onm) < afo, w)b(Fo, Fon) < iy Gl FUBEFe) oo, o)

= Rob(oy, v) < b(oy, v),

which is a contradiction. Therefore, o, = v,. |

Example 2.2. Let U = [0,8], the b-metricb : Ux U — [0, +00), b(v—0) = (v—0)?, the function
w:UxUx {1—17} and a mapping F : U — U, where

2, if v € [0, 5)
Fo= ﬁgl, if v € [5,6)
2 ifve 6,8
Let also, a: U x U — [0, +00),
2, if v,0€[0,5)
a(v,0) =< 1, if (v,0) € {(2,7),(2,5)}

0, otherwise

We can easily check the a-w-admissibility of the mapping F. Indeed, for v,o € [0,5) we have

1 v+ 32
w(o, Fv,1—7) =17 <1,
50 . .
=22>1 F F =22>1.
a(v, o) >1 = a(w(v,Fo, 17) w(o, Fo, 17) >
For (v,u) = (2,7), w(2,F2, L) = 222 =2 and w(7,F7, ) = 5522 = I Thus,
1 71
2,7)=1 2,F2, —),w(4,F4, — 2, —)=22>1.
For (v,u) = (2,5), w(2,F2, L) =2 and w(5,F5, &+) = 2422 = %; Thus,
1 1 37
2,5)=1 2,F2 F 2, —)=22>1.
0(2,5) =1 = a(w(2,F2, ) w(s.F5, 1)) = a(2, 1) 2>
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Next, choosing vy = 2, we have (2,2) = «(2,F2) =2, b(2,F2) = 0 and the sequence

w+16Fw _ 9.
)

L=y
16F
v = 7/1+17 7 2:
Up—1 = 7y”+11$|:y" =2.

Moreover, v, — 2 as n — oo and a(2,9,) = 2 > 1. As a last step, we have to check (13).
Taking into account the definitions of F and a we will discuss just the following two cases.

(1) For (v,0) =10,5)U{(2,5)}, we have b(Fv,Fo) = b(2,2) =0 and then (ref1T2) holds;
(2) For (v,0) = (2,7), we have

b(2,7) =25, b(F2,F7) = b(2,4) =4, b(2,F2) =b(2,2) =0, b(7,F7) = b(7,4) = 9.
Then,

259 (b(2,7) 4 1)b(7,F7)

2 TVB(F2.F7) = 4 < =27 — jo1 4 25k9 — b(2.7
(2, b(F2,FT) =4 < = = ki1 + 25k = ki b(2, F2) + 1 + 42b(2,7)

(we choose kK1 = kg = 3—14) Consequently, all the assumption of Theorem 2.2 are satisfied
and v = 2 is the unique fized point of F.

We can also mention that for example, when v = 2 and o = 7 the Theorem 1.1 respectively
1.2 can not be applied.

Corollary 2.2. On a complete convexr b-metric space (U,b,w) with s > 1, let F: U — U be a
mapping such that there exist k1, ko € [0,1) such that

b(w, 0) + 1]b(o, Fo)
b(z,Fv) +1
for all v,0 € U. If there exists vy € U such that b(w, Fay) < 0o, let {v,} be the sequence defined
by v = W(vp—1,Fon—1,A\n—1), 0 < A1 < 1 for any n € N. Then, the mapping F has a unique

fized point if k1 + ko < ﬁ and A\, < ﬁ,

b(Fov,Fo) < K1 [ + Kab(w, 0), (14)

[b(v, 0) + 1]b(0, Fo)
b(v,Fo) +1
for all v,0 € U, then the mapping F has a unique fized point.

b(Fov,Fo) < K1 Kob(wv, 0), (15)

Proof. Let a(v,0) =1 in Theorem 2.2. O
Theorem 2.3. On a complete convexr b-metric space (U,b,w), let F : U — U be an a-w-
admissible mapping such that there exists k € [0,1) with the property that

b(z,Fo)b(z, Fv) + b(o, Fv)b(o, Fo)
s-max {b(v,Fv),b(o,Fo)}

a(v,0)b(Fov,Fo) <k (16)

for all v,0 € U\ Fizg(U). Suppose that:

(1) there exists vy € U such that b(w, Fuy) < ocoand a(w,v1) > 1, where {v,} is the sequence
defined by v, = W(v—1, Fon_1, \n_1) for any n € N;

(2) k< ﬁ and \p, < ﬁ;

(3) alvy, m) > 1 for any sequence {w,} in U such that a(vy,vny1) > 1 and v, — v, as

n — oQ.

Then, the mapping F has a fixed point.
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Proof. As in the previous consideration, starting with two given points =, 7 € U such that
b(v0,Fz) < oo and, also a(w,z1) > 1, we consider the sequence {z,} in U, where », =
W(2y—1,Fop—1, \n—1), for Ay—1 € [0, 1], n € N. Since by Lemma 2.1 we know that a(op, v,4+1) > 1
for any n € N, taking v = v,_1 and 0 = v, in (16) we get

b(Fop—1,Fo,) < avn—1, vn)b(Fop—1, Foy)

< K/b(’”nflaFUn)b(Unfl7F7}n71)+b(7/n7FUnfl)b(Un,F7/n) < K/b(ynfleT/n)“l‘b(Vn,F’”nfl)

smax{b(vn—1,Fon_1),b(vn,Fon)} — s
< Hsb(z)n_l,’Iln)+5b(l/n,Fl/n)+b(W(7/n—l7F7/n—17)\n—1)7F'”n—1)
- S
(17)
< ’isb(vn_l,z/n)—i—sb(vn,Fvn)—i-)\n_lb(w(vn_l,Fvn_l)

< ’1[(]— - )\n—l)b(yn—h Fvn—l) + b(?/n, FUn) + )\n—lb(yn—lp Fvn—l)]

< k[b(vp—1,Fon—1) + b(wn, Fop)].
On the other hand,
b(vp, Fo,) = b(w(vn—1, Fon—1, \n—1), Fon)

< )\nflb(ynfla Fvn) + (1 - )\nfl)b(FUnfly F'”n)
< sAp—1b(vn—1,Fop—1) + sAp—1b(Fo,—1,Foy,) + b(Fo,—1,Foy)
= sAp—1b(vn—1,Fon—1) + (sAn—1 + 1)b(Fo,_1, Foy,)

< SAn_lb(Un_l, F’Un_l) + (5>\n—1 + 1),% [b(zfn_l, F’Un_l) + b(vn, Fz/n)]

and then
sAn—1(1+ k) + &
b('UT“ F’Un) S 1 j (5()\ 1 _')_ 1)K:b(7/n_1, F’l/n_l).
e
Letting G, = %, for any n € N, under the assumption (2), we can observe that ¢, < %

Therefore, lim b(z,, Fz,) = 0 and moreover, since
n—o0

n—1

b(vna '”n—l) < (1 - )\n—l)b(’”n—la Fvn—l) < /Bn—l H G - b(’”O? F'”O)a
i=0
by Lemma 1.1 it follows that {#,} is a Cauchy sequence on a complete convexb-metric space,
so that it is convergent (here 8, =1 —\,). Let v, € U be the limit of the sequence {z,}. We
claim that this point is in fact a fixed point of F. Indeed, if it is not, then keeping in mind the
assumption (3),

0 < b(Foy, ) < sb(Foy,Fo,) + s2b(Fop, o) + s2b(v, v4)
< sa(vy, vn))b(Fox, Fop) + s2b(Foy, o) + s2b(on, o)

b(vx,Fon)b(vx ,Foi)+b(on,Fos)b(vn,Fon
< s e Pt Foo = ”b(Fom, o) + 5%b(on, 0.)

< mb(”*’F”")fb(”"’F”*) + 52b(Fon, v) + s2b(vn, v

< sk[b(vs, o) + b(vn, Fon) + b(vp, ) + b(wy, Fo )]+

+520(Fon, o) + s2b(, o).
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Letting n — oo in the above inequality, we get
1
0 < b(Foy, o) < skb(Foy, o) < 4—b(F7)*, 7)),
s

which is a contradiction. Thereupon, v, = Fu,, that is », € Fixg(U).
The uniqueness of the fixed point it follows as in the previous proof. U

Corollary 2.3. On a complete convex b-metric space (U,b,w) with s > 1, let F: U — U be a

mapping such that there exists k € [0,1) such that

b(v, Fo)b(v, Fv) + b(o, Fv)b(o, Fo)
s-max{b(v,Fv),b(o,Fo)}

for all v,0 € U\ FizgU. If there exists vy € U such that b(w, Fuwy) < oo, let {v,} be the sequence

defined by v, = wW(vp—1,Fon—1,\n—1), 0 < \py—1 < 1 for any n € N. Then, the mapping F has a

fixed point provided that k < ﬁ and A, < ﬁ.

b(Fo, Fo) < & (18)

Proof. Let a(v,0) =1 in Theorem 2.3. O

3. CONCLUSION

In this paper, we discuss the existence and uniqueness of a fixed point of certain operators
that providing inequalities with rational expressions in the setting of b-convex metric spaces.
Although the notion of convexity has been considered in the metric structure, it is rarely used in
the b-metric structure. Another interesting contribution of the paper is the usage of admissible
mappings. This consideration is a candidate to initiate the new trends in the metric fixed point
theory.
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