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CALDERON-ZYGMUND OPERATORS WITH KERNELS OF DINI’S TYPE
AND THEIR MULTILINEAR COMMUTATORS ON GENERALIZED
WEIGHTED MORREY SPACES

V.S. GULIYEV'23 A F. ISMAYILOVA*

ABSTRACT. In this paper, we study the boundedness of the operators 7' and T} on generalized
weighted Morrey spaces Mp, ,(w) with the weight function w belonging to Muckenhoupt’s class
Ap(R™). We find the sufficient conditions on the pair (¢1,p2) with b € BMO™(R™) and
w € Ap(R™) which ensures the boundedness of the operators T and Ty from M, ,, (w) to
My, oo (w) for 1 < p < o0.

Keywords: generalized weighted Morrey spaces, Calderén-Zygmund operator, A, weights, com-
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1. INTRODUCTION

The theory of Calderén-Zygmund operators has played very important roles in modern har-
monic analysis with lots of extensive applications in the others fields of mathematics, which has
been extensively studied (see [1, 2, 3, 4, 20, 21, 29, 31, 35]). In particular, Yabuta introduced
certain w-type Calderén-Zygmund operators to facilitate his study of certain classes of pseudo-
differential operators (see [34]). Let w be a non-negative and non-decreasing function on (0, c0).
We say that w satisfies the Dini condition and wirte w € Dini, if

/wit)dt < 0. (1)
0

A measurable function K (-,-) on R"” x R" is said to be a w-type Calderén-Zygmund kernel if it
satisfies

|K(z,y) <Clz—y[™ (2)
and for all distinct x,y € R™, and all z with 2|z — z| < |« — y/|, there exist positive constants C
and v such that

K(ey) — K] + 1K) — K(w:2)| < Co(E=2) o=yl 3)

Definition 1.1. Let T be a linear operator from S(R™) into its dual S'(R™), where S(R™)
denotes the Schwartz class. One can say that T is a w-type Calderon-Zygmund operator if it
satisfies the following conditions:
i) T can be extended to be a bounded linear operator on Lo(R™);
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ii) there is a w-type Calderdn-Zygmund kernel K(x,y) such that

Tf@»—1/zru4nf@x@,asfe<x?andx¢sumni (4)
RTL

It is easy to see that the classical Calderén-Zygmund operator with standard kernel is a special
case of w-type operator T' as w(t) = t© with 0 < ¢ < 1. Given a locally integrable function b,
the commutator generated by T and b is defined by

. 714(e) = M@ &) = T = [ ble) - W) o) f(0)dy. (5)

R'Il

Let b = (b1, ..., bm) and bj, 1 < j < m belocally integrable functions when we consider multilinear
commutators as defined by

Tyf(x) = / H(bj(x) —bi(y) K (2,y) f(y)dy. (6)

R

Furthermore, if we take b; = b, , 7 =1,..., m, then we define the following integral equation

Tyf () = /(b(x) —b(y))" K (xz,y)f(y)dy = [b,T]"™ f ().

Rn

It is well known that Calderén-Zygmund operators play an important role in harmonic analysis
(see [6, 7, 31]).

The classical Morrey spaces were introduced by Morrey [23] to study the local behavior of
solutions to second-order elliptic partial differential equations. Moreover, various Morrey spaces
are defined in the process of study. The first author, Mizuhara and Nakai [8, 24, 26] introduced
generalized Morrey spaces M, ,(R") (see, also [9, 10, 15, 16, 30]). Komori and Shirai [19] defined
weighted Morrey spaces Ly .(w). The first author in [11] gave a concept of the generalized
weighted Morrey spaces M), ,(R™, w) which could be viewed as extension of both M, ,(R") and
L, .(w). In [11], the boundedness of the classical operators and their commutators in spaces
M, ,(R™, w) was also studied, see also [5, 13, 14, 17, 18, 27].

The main purpose of this paper is to establish a number of results concerning weighted Morrey
boundedness of Calderon-Zygmund operators with kernels of mild regularity. Let T be a linear
Calderén-Zygmund operator of type w(t) with w being nondecreasing and w € Dini, but without
assuming to be concave. We show that the w-type Calderén-Zygmund operators 1" and their
multlinear commutators 7; are bounded from one generalized weighted Morrey space M), ,, (w)
to another M, ,,(w), 1 < p < oo. We find the sufficient conditions on the pair (¢1,2) with
b € BMO™(R") and w € Ap(R™) which ensures the boundedness of the operators 7" and Ty
from M, ., (w) to My ,,(w) for 1 < p < oo.

By A < B we mean that A < C'B with some positive constant C' independent of appropriate
quantities. If A < B and B < A, we write A = B and say that A and B are equivalent.

2. GENERALIZED WEIGHTED MORREY SPACES
We recall that a weight function w is in the Muckenhoupt’s class A,(R™) [25], 1 < p < oo, if
p—1

D= = L w(x)dx L w(z) 7P da
fmrﬁywwh¥>wZ<w \m!()d ©
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where the sup is taken with respect to all the balls B and % + z% = 1. Note that, for all balls B
by Hoélder’s inequality

1 - 1 _
]ty = 1B el % g o™ P, ) > 1. (8)
For p = 1, the class A; is defined by the condition Mw(x) < Cw(z) with [w]4, = sup J\{Ulgg),

FASING

and for p = 00 Axo(R") = U, <peo0 Ap(R™) and [w]a,, = 1<ilr)1<foo[w],4p.

We define the generalized weighed Morrey spaces as follows.

Definition 2.2. Let 1 < p < oo, ¢ be a positive measurable function on R™ x (0,00) and w
be non-negative measurable function on R™. We denote by My (w) the generalized weighted
Morrey space, the space of all functions f € L;,‘?Z}(R") with finite norm

_1
1118z, () = xeﬂzglzws@(%ﬂ“)_l w(B(x,7)) " ? | flln,.0B@r)

where Ly ,(B(x,r)) denotes the weighted Ly,-space of measurable functions f for which
1
P
10ty t5taen = 1 Xl = | [ 1 @Pw)dy
B(x,r)
Furthermore, by WM, ,(w) we denote the weak generalized weighted Morrey space of all
functions f € WLEE,(R") for which

_1
£ llw sy (w) = EHS{BPN‘P(%T)A“’(B(%T)) P W Ly (Br)) < 00

where W Ly, ,(B(z,1)) denotes the weak Ly, .,-space of measurable functions f for which
10w 5Garn = X ey =swpt | [ ww)dy
{y€B(a,r):|f(y)|>t}
Remark 2.3. If w = 1, then M, (1) = M, is the generalized Morrey space; If ¢(x,1) =
k=1

w(B(x,r)) * , then My ,(w) = Ly . (w) is the weighted Morrey space; If p(x,r) = v(B(x, ’I“))%U) B(z,r))

A—n

then My ,(w) = Ly (v, w) is the two weighted Morrey space; If w =1 and ¢(z,r) =1r
0 < X < n, then M, ,(w) = L, x(R™) is the classical Morrey space and WM, ,(w) = WL, \(R")

is the weak Morrey space; If p(x,r) = w(B(:c,r))fi, then My ,(w) = Ly, (R™) is the weighted
Lebesgue space.

We will use the following statement on the boundedness of the weighted Hardy operator

Hy,g(t) = /g(s)w(s) ds, Hyg(t) := / (1 +1In %)mg(s)w(s) ds, 0 <t < oo,

where w is a weight. The following theorem was proved in [12].

Theorem 2.4. [12] Let vy, va and w be weights on (0,00) and vi(t) be bounded outside a
neighborhood of the origin. The inequality

sup v (t) Hyg(t) < C supwi(t) g(t)
t>0 >0
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holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

B :=sup 1}2(75)/ wis) ds < o0.

t>0 SUPs<r<o0 Ul(T)

Theorem 2.5. [11] Let vy, v and w be weights on (0,00) and vi(t) be bounded outside a
neighborhood of the origin. The inequality

sup v2(t) Hy,g(t) < C'supvi(t) g(t)

>0 >0
holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

(e 9]

B :=supws(t) / (1 +1In %)m w(s) ds < 0.

t>0 SUPs<r<o0 1)1(7')

t
3. w-type Calderén-Zygmund operators in the spaces M, ,(R", w)
The following theorem was proved in [28].

Theorem 3.6. [28] Let 1 < p < oo, w € A,(R"™) and T' be w-type Calderén-Zygmund operator
defined by (4) with w satisfies (1). Then, the operator T is bounded on Ly ,,(R™) for p > 1 and
bounded from Lj ,(R™) into WLy ,(R"™) for p = 1.

The following weighted local estimates are valid (see [11]).

Theorem 3.7. Let 1 < p < oo, w € Ap(R"™) and T be w-type Calderdn-Zygmund operator
defined by (4) with w satisfies (1). Then, for p > 1 the inequality

1 1 dt
T2, ) S 0(B)? / 171y B0y w(Blao, 1) 5 &
holds for any ball B = B(xo,r) and for all f € L;?SU(R").
Moreover, for p =1 the inequality
dt
TS o) / 1712 o) w(Blaro, 1) ©

holds for any ball B = B(xo,r) and for all f € LllofU(R")

Proof. Let p € (1,00) and w € Ap(R™). For arbitrary z¢p € R", set B = B(z,r) for the ball
centered at zp and of radius r, 2B = B(x, 2r). We represent f as

f=h+fe Al =Fxes®), L) =W)X w, >0 (10)

Then we have

ITflz,..8) < ITfillz,..3) + 1T f2llL,..B)
Since fi € Ly(w), T fi1 € Ly(w) and from the boundedness of T in L,(w) (see Theorem 3.6) it
follows that

1T fillz,.wm) < ITfillz, . < ClAlL,.. = ClflL,..e8);
where constant C' > 0 is independent of f.
It is clear that z € B, y € C(2B) implies %’fﬁo —yl < |z —y| < 3lzo — y|. We get

T < 2" )|d
i) < ra [ / R

G(QB) 2r B(1'07
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Applying Holder’s inequality, we get

Iy T
/ \;c’o(_)y’wdyS/||f||Lp,w(B(mo,t))w(B(xo,t))
2r

‘2B)

“e\»—‘

dt
t

Moreover, for all p € [1,00) the inequality
1 1
I oty ey S WBY [ 181 ianan (B, )5
is valid. Thus

; 1
1Tl Lp(B) S N NlLyn(2B) + w0 (B P/IfHpr B(eo)) W(B(20, 1)) 7 —

1

1 _1dt
) / 1712 w30y (Bl ) &
Let p = 1. From the weak (1,1) boundedness of T it follows that:
1T fillweyws) < NTfllweyw) S Wfilley, = 1flzy o)
_pdt
B) [ 1f11. a0y w(Blan, 1) 5
2r

Then by (12) and (13) we get the inequality (9).

269

(11)

(12)

(13)

O

Theorem 3.8. Let 1 < p < oo, w € Ap(R™), T be w-type Calderon-Zygmund operator defined

by (4) with w satisfies (1), and (¢1,p2) satisfy the condition

o ess mf o1(x, s)w(B(z,s))/P

/ = w(B(z,t))Y/P < Cpa(@,m),

r

(14)

where C' does not depend on x and r. Then the operator T' is bounded from My, o, (w) to My, ,,(w)

for p>1 and from M o, (w) to WM ,,(w) for p=1.

Proof. For p > 1 from Theorem 2.4 and Theorem 3.7 we get

’t}\'—'

dt
I sty S sUD_ ool / 1712y w0y w(B )5

zeR™,r>0

< sup wl(ﬁ,r)_lw(B)_E 1ALy @) = 1F10s, 0, )

zeR™,r>0
and for p=1
< _y dt
ITfllwasy pyw) S sup 2(z,7) ”f”Ll w(B(ao,t)) W(B(x0,1)) -
z€R™ r>0

S osup pi(zr)” 1w( ) N ey = 1 a0, (w)-
zeR™,r>0
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Remark 3.9. Let 0 < k < 1. Assume that v is a positive increasing function defined in (0, 00)
and satisfies the following D, condition :

U(ta) _ CUJ(tl)
ts — 4
where C' > 0 is a constant independent of t1 and ta. If p1(x,r) = po(x,r) = Y(w(z,r)) and ¢

satisfy the Dy condition, Theorems 3.7 and 3.8 were proved in [32]. Also, in the case w(t) = t°
with 0 < e <1, Theorems 3.7 and 3.8 were proved in [11].

, forany 0 < t; <ty < o0,

4. COMMUTATORS OF w-TYPE CALDERON-ZYGMUND OPERATORS IN THE SPACES
M, o(R™, w)

We recall the definition of the space of BMO(R").
Definition 4.10. Suppose that b € LY°(R"), and let

1
bll« = sup ——— / b(y) — bpie.m|dy < oo,
Pl = o Bl ) 1P~ e
B(z,r)
where )
b = — b(y)dy.
B(z,r) |B(3§',7“)‘ / (y) Yy
B(z,r)
Define

BMO(R™) = {b e LI"*(R") : ||b]|« < oo}

Modulo constants, the space BMO(R") is a Banach space with respect to the norm || - ||.
The following lemma is proved in [11].

Lemma 4.11. [11]

(1) Let w € Ao and b € BMO(R™). Let also 1 < p < oo, x € R", k > 0 and r1,72 > 0.
Then,

(W / |b(y) — bB(x,rg),w|kpw(y)dy>; < C(l + ‘ln:;‘)k|’b”f7
B(@,r1)

where C' > 0 is independent of f, w, x, r1 and rs.

(2) Let w € A, and b € BMO(R™). Let also1 < p < oo, z € R", k> 0 and r1,m > 0.
Then,

1

1 _ k;p’ l—p/ P
(wl_p/(B(fL',Tl)) / ‘b(y) bB(Z‘,’I‘Q),’w| w(y) dy)
B(z,r1)

k
< o1+ [m ) o,
T2
where C' > 0 is independent of b, w, x, r1 and rs.

Since linear commutator has a greater degree of singularity than the corresponding w-type
Calderon-Zygmund operator, we need a slightly stronger version of condition
1

/wit) (1 +log %)mdt < oo (15)

0
The following weighted endpoint estimate for commutator 73 of the w-type Calderén-Zygmund
operator was established in [33] under a stronger version of condition (15) assumed on w, if
b € BMO™(R™) (for the unweighted case, see [22]).
The following theorem was proved in [33].
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Theorem 4.12. [33] Let T be linear w-CZO0 and b € BMO™(R"). If w satisfies condition (15)
and w € Ap(R™), 1 < p < oo, then there exists a constant C > 0 such that

|’Tgf‘|Lp,w S C Hg”* ”f”Lp,w7
where [[bll. = TIiZy [16;]]+-
The following weighted local estimates are valid (see [11]).

Theorem 4.13. Let T be linear w-CZ0 and b € BMO™(R™). Let also w satisfies condition
(15) and w € Ap(R™), 1 < p < co. Then

o0

m t _yyp dt
[ (e D) 1y iy w(Blao, ) 2 5

3=

T3z, () < ClIBlls w(B)
2r

holds for any ball B = B(xo,r) and for all f € L)%, (R™), where C does not depend on f, zg € R"
and r > 0.

Proof. Let p € (1,00). For arbitrary 9 € R™ and r > 0, set B = B(xg,r). Write f = f1 + f2
with f1 = fxeop and fo = fXC(QB)' For all f € L}UOC(R",w) we define

T5f(@) i= Trofa(o) + [ T]00) = b)) K (@) fal0)d, (16)
here T , denotes the commutator as a bounded linear operator on Lyw(R™) with 1 < p < o0
and w € Ap(R™) (see [33]). It is easy to check that the definition of Ty f(x) does not depend on
the choice of the ball B. First we show that T} f(z) is well-defined a.e. z and independent of

the choice of B containing x. As T is bounded on Ly, (R") provided by Theorem 4.12 and

b7
f1 € Lypw(R™), Ty f1 is well-defined.

Next, we show that the second-term of the right-hand side defining 75 f (x) converges absolutely
for any f € L, ,,(R") and almost every z € R".
Hence

15| z,.08) < T3 1l ) + 1 T3 2l L, 0 (B)-
From the boundedness of T3 in Ly, ,(R™) ( see Theorem 4.12) it follows that:

T3Sl Ly () S WT5f1llLp 0 SO Lf2lLy 0 = 110l 1 f |2, 0 2)-

For the term [T f2llz, ,(B), without loss of generality, we can assume m = 2. Thus, the
operator Tifs can be divided into four parts

Tyfala) = () = (00) ) (balo) = () ) [ K (o) folw)y
Rn
[ K (r0) = () 5,) (20) = (82) ) oo}y
R’ﬂ
= (1) = (1) 5,0) [ K@) (ba0) — (b2) ) 0Dy
RTL

= (bala) = (02)5,0) [ K@) (br0) =~ (1) ) o)y
]

=L (z) + I2(x) + I3(z) + I4(x).
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For € B we have

Tpfo(@)] < |[L(2) + [Ta(2)] +
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[13(z)| + [1a(z)|

g‘bl(*'”)_(bl)B,wa?(x) (b2)3,w| / 2o — y|"
‘2B)
|f(y)]
/ ‘bl bl B Hb2 (bQ)B,waO_y’ndy
/
+‘b1 bl Bw‘ / ‘b2 Bw| ’ ( )y’|ndy
/
+‘b2 b2 Bw’ / ‘bl Bw“ ’ ( ;||nd
Then
1T [5iw) ~ (5) 5,
L 9Y) = %) g 1
Tty < ([ ([ S @) (e’

B C(QB)

| [ = ()5,
B

| [ Iato) = ()5,

[02(9) = (b2) g o |
[

“(2B)

[21y) = (01) |
| = W 7wy

B SeB)
[T @) — (b3) .
bi(x) — (b;
? 1) B,w 1
j:l ’ p »
([ ) w(a)da)
B C(QB)
:Il+12+13—{—l4.
Let us estimate I7.
2
. Hl [6i(y) = (bi) .o,
h=uwB? [ e fWldy
lzo — vl
‘2B)
LT 2 dt
~u(B) [ TL15:0) — () g, Pl ey
2r 2r<|zo— y\<t j=1
; dt
Sw / / T 1) - (8 5, 1 )y o

2r B(zo,t) =1

S =

LA
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Applying Holder’s inequality and by Lemma 4.11, we get

1
o 21)/
< 1 2 2p’ 1-2p/ dt

or J=1 (zo,t)

2 (o]
1 t\2,  _ dt
STl w? [ (1410 2) 102l a0 1yt
Jj=1 2r
. T Ly dt
Sl w(B) [0 (e 2) 1 e wBlao, )7 G
2r

Let us estimate Is.

w N - ()
!muw&mﬂﬁwmm | Sl

‘(2B)
[o¢]
1 dt
S ol w(B)» [02(y) = (b2) g | 1f (W) Y
CeB) lzo—yl

<lulew®? [ [ ) - ()5, 1@y

2r 2 <|mo—y|<t

< 1 T dt
< bl w(B)? ba(y) = (02) 5, 1 )y
2r B(zo,t)
Applying Holder’s inequality and by Lemma 4.11, we get
1 7 p’ 1— / i dt
Sl [ ([ )~ 0a) g 00) 7 ) 1y oo s
2r B(zo,t)
2 o
<STTe v [ (141 ~i/p a
STl wimys [ (1+ n ) 1™ Pl 0 17112y o B0 757
J=1 2r
1/p @

s%mm>2/m( Y 171y B0y w (B0, 1)

2r

In the same way, we shall get the result of I3

[e.o]

- 1 1/, dt
B S 1B w(B)F 102 (e 5) 11 ooy wBlao,t) 7 5.

t
2r
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In order to estimate I, note that

P ()l
(/ [] o) W““") | T

3=

B 7= C2B)
%
2 P
2 fly
< H (/ ‘bz(x) — (bi)va‘ pw(:r)dx) / ]a:|0 (_ )y|’ndy.
=1 \B L)
By Lemma 4.11, we get
- 1
N e L

‘2B)

Applying Hélder’s inequality, we get

Wl o [ ] it
/ Ixo—y!ndyg/”fHLp,MB(xo,t)) 0™ Pl (B0t frt

B(QB) 2r (17)

1y dt
a [w]i{f/ A1 Ly (B2o.)) w(B (0, 1)) 1/p7'
2r

Thus, by (17)
< = 1 —l/p dt
Ly Sl w(B)> [ f ]y (B0 wB(20, 8)) /P =

Summing up I; and Iy, for all p € [1,00) we get

o

582ty e S Wl w(B)F [ 102 (e 2 )1y i) wlBlan )2 5 18)
2r
On the other hand,
190pt0) S 1B | WAyt s
< w(B)%Hw_l/pHLp/(B) 7\\f\|LP,w(B(xo,t))t,fli1 (19)

dt
/”fHpr(B(l‘m D o™ PlL (B0 pry

|/\
ey

1 1 1y dt
< [wl{? w(B)? / 171 B0y (B, 1) 77 &
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Finally,

155 1y 8) S 1Bl 112y 2)

- LT m t 1/, dt
B wB) [ 107 (e D)1y b 0B )7 5
2r
and the statement of Theorem 4.13 follows by (19). O

Theorem 4.14. Let T be linear w-CZ0 and b € BMO™(R™). Let also w satisfies condition
(15), w € Ap(R™), 1 < p < o0 and (1, p2) satisfy the condition

U 1<s<
r w(B(x,t))4/P

% ¢ ¢ss inf oy (z, s)w(B(z, s))1/P
Jur e+ = < Cpala,), (20)

r

where C' does not depend on x and r. Then the operator Ty is bounded from M, , (w) to
My, o, (w). Moreover,

T3 1t () S Bl 1 |22y, (a0 -
Proof. Using the Theorem 2.5 and the Theorem 4.13 we have

_1
T3 f 1My w) = SUP spa(a, ) " w(B(x, 7)) # | T3f |1, 0 B
zER™ r>0

o0

- , - t Ly dt
S swp alen)™ [0 (et 1) 1l e 0Bl )7

- _1 -
S 16l Eﬂzgpww(w,r)*lw(f?(%r)) PN By = 1Bl 11 01y ()

O

Remark 4.15. Note that, if ¢1(x,r) = pa(x,r) = Y(w(z,r)) and ¢ satisfy the D, condition,
Theorems 4.13 and 4.14 were proved in [32]. Also, in the case m = 1 and w(t) = t° with
0 <e <1, Theorems 4.13 and 4.14 were proved in [11].

5. CONCLUSION

In this paper, we obtain that the w-type Calderén-Zygmund operators T and their multlinear
commutators Ty are bounded from one generalized weighted Morrey space M, ,, (w) to another

My o, (w), 1 < p < co. We find the sufficient conditions on the pair (1, p2) with b e BMO™(R")
and w € A,(R") which ensures the boundedness of the operators 7" and Ty from M, ., (w) to
M, o, (w) for 1 < p < oo.
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