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ON eBE-ALGEBRAS

A. REZAEI', A. BORUMAND SAEID?, A. RADFAR!

ABSTRACT. In this paper, we introduce a new algebra, called an eBE-algebra, which is a gen-
eralization of a BE-algebra and discuss its basic properties. Also, the notion of filters in this
structure is studied. We show that every filter can state as a union of extension of upper sets.

Keywords: eBE-algebra, self distributive, filter.

AMS Subject Classification: 06D20, 06F35, 03G25.

1. INTRODUCTION AND PRELIMINARIES

Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-algebras and BCI-
algebras ([2]). They have shown that the class of BCK-algebras is a proper subclass of the class
of BCI-algebras. It is known that several generalizations of a BCI/BCK-algebra were extensively
investigated by many researchers and properties have been considered systematically. H. S. Kim
and Y. H. Kim introduced the notion of a BE-algebra as a generalization of a dual BCK-algebra
([3]). They defined BE-algebra as an algebra (X;*, 1) of type (2,0) (i.e. a non-empty set with

Wy ”

a binary operation “x” and a constant 1) satisfying the following axioms:
(BE1l) zxz =1,

(BE2) zx1=1,

(BE3) 1xz=ux,

(BE4) zx (yx*2)=yx*(zx*2),

for all z,y,z € X.

A. Walendziak investigated the relationship between BE-algebras, implication algebras, and
J-algebras ([7]). A. Rezaei et al. got some results on BE-algebras and introduced the notion of
commutative ideals in BE-algebras and proved several characterizations of such ideals ([4, 5, 6]).
For development of many-valued logical system, it is needed to make clear the corresponding
algebraic structures. It is motivated us to focus on a new algebraic structure, namely eBE-
algebra, as a generalization of BE-algebra and so investigate some properties. Also, we discuss
on filters of eBE-algebras.

2. A NEW EXTENSION OF BE-ALGEBRAS

Definition 2.1. Let X be a non-empty set. By an eBE-algebra we shall mean an algebra
(X%, A) such that “¢” is a binary operation on X and A is a non-empty subset of X satisfying
the following axioms:

e (eBE1) zxuz € A,
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o (eBE2) zx AC A,
e (eBE3) Axux={x},
o (eBEJ) zx(y*xz)=yx*(xx2z2),
forall xz,y,z € X.
In Text, Axx ={ax*xx:a€ A} and similarly x * A={x*xa:a € A}.

We note that if A = X, then (X;#*, X) is an eBE-algebra.

Let a,b € A. By (eBE3), we have axb=5b¢€ A and bxa =a € A. Hence A is a closed subset
of X.

We introduce a relation “<” on X by x <y if and only if z xy € A. By (eBE1) the relation
“<” ig reflexive.

Theorem 2.1. Fvery BE-algebra is an eBE-algebra.
Proof. Put A := {1}, we can see that (X;*, A) is an eBE-algebra. O
In the next example we show that every eBE-algebra is not a BE-algebra in general.

Example 2.1. Let X = {a,b,c} be a set and A = {a,b} with the following table.

Then (X%, A) is an eBE-algebra. Since b1 b = b and ¢*; ¢ = a, there is not an element 1 € X,
such that z *; z = 1, for all z € X. Hence (X;x*1, A) is not a BE-algebra.

In the following example we show that axioms “(eBE1)” to “(eBE4)” are independence.

Example 2.2. Let X = {a,b,c} be a set and A = {a,b} with the following tables:

(4).

c
c
c
c
Then (X; %9, A) satisfies axioms (eBE2), (eBE3

does not satisfy the axiom (eBE1).

(id).

~—

and (eBE4). Since cxoc=c & A, (X;*9, A)

b
b
b
c

c
c
c
b
Then (X x3, A) satisfies axioms (eBE1), (eBE3
(X; %3, A) does not satisfy the axiom (eBE2).

(id).

~—

and (eBE4). Since cx3A = cx3{a,b} = {c} € A,

Then (X;*4, A) satisfies axioms (eBE1), (eBE2) and (eBE4). Since A x4 a = {a,b} x4 a =
{b,c} # {a}, (X;*4,A) does not satisfy the axiom (e BE3).
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(1v).
x51a b ¢ d
ala b ¢ d
bla b c d
clb b b c
d|b b c b

Then (X; %35, A) satisfies axioms (eBE1), (eBE2) and (eBE3). Since
ckxs (d#5d) =cx5b=b#c=dx5¢c=dx5(cx*5d),
(X; %5, A) does not satisfy the axiom (eBE4).

Theorem 2.2. Let (X;*,A) be an eBE-algebra. If A is a singleton set, then (X;*,A) is a
BE-algebra.

Proof. Let A = {a} be a singleton set. If we put 1 := a, then (X;x*,1) is a BE-algebra. O
Theorem 2.3. Let (X;%, A1) and (X;*, Ag) be two eBE-algebras. Then (X, *, A1 N Ag) is, too.

Proof. Let x € X. Since z xz € Ay and = xx € Ay, we have z xx € A1 N Ay and so (eBE1) is
valid.

For (eBE2), let a € z * (A1 N A2). Hence there exists b € A1 N Ay such that a = x * b. Since
be Ay, zxb € Ay and b € Ag, zxb € Ay, we have a = xxb € AjNAy and so zx(A1NA2) C A1NA,.

Let a € (A1 N Ag) % x. Then there exists b € A1 N Ay such that @ = b z. Since b* z = x, we
can see that @ = x and so (A; N Ay) x x = {x}. Therefore (eBE3) is valid.

Also, it is obvious that (eBE4) is valid. O

Corollary 2.1. If (X;x*, A;), for i € A, be a family of eBE-algebras, then (X; *, ﬂ A;) is, too.
€A

Theorem 2.4. Let (X;x, A1) and (X;*, Ag) be two eBE-algebras. Then (X, *, A1 U A) is, too.

Proof. Let x € X. Since z xz € Ay and = xx € Ay, we have z xx € A1 U Ay and so (eBE1) is
valid.

For (eBE2), let a € xx(A;UAs). Hence there exists b € A; U Ay such that a = xxb. If b € Ay,
then a € Ay. Also, if b € Ag, then a € Ay. Thus a € A1 U Ag and so z * (A3 U Ay) C Ay U As.

Let a € (A1 U Ag) % x. Then there exists b € A; U Ay such that a = b* z. Since b* z = x, we
can see that @ = x and so (A; U Ay) x x = {x}. Therefore (eBE3) is valid.

Also, it is obvious that (eBE4) is valid. O

Corollary 2.2. If (X;x*, A;), fori € A, is a family of eBE-algebras, then (X, U A;) is, too.
1€EA

Proposition 2.1. Let (X;x*, A) be an eBE-algebra. Then
(i) (X;%,X \ A) is not an eBE-algebra,

(i) z* (yxz) € A,

(i) x < y=xz implies y < x * 2,

(iv) < (zxy) * z,

(V) yxz € A impliesx x (yxz) € A and yx (x*2) € A,
(Vi) xx (yx2z) & A implies x * z & A,

forall z,y,z € X.
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Proof. (i). Since x * A C A, we have zx A Z X \ A and so (eBE2) is not valid.
(ii). Using (eBE4) and (eBE2), we have

xx(y*xx)=yx(z*xx)cyx AC A
(iii). Let x < y* z. Hence = * (y * z) € A. Then by using (eBE4), we have
yx(x*xz)=xx(yxz) € A

Therefore y < z * 2.
(iv). From (eBE4), (eBE1) and (eBE3) we have

zx((xxy)xx)=(r*xy)x(x*xz) € (r*xy)*xAC A

Therefore x < (z * y) * x.
(v). Let yxz € A. Hence z* (y*z) € x *+ A C A. Now, using (eBE4) we have y x (x % z) € A.

(vi). The proof is obvious by (v).
]

Theorem 2.5. Let (X;%,A) be an eBE-algebra. Consider Y := (X \ A) U {1} and define the
operation ¢ on Y as follows:

Ty ife,y#1landxxy ¢ A

roy— 1 z:fac,ysélanda;*yEA
Y ife=1
1 ify=1

Then (Y;0,1) is a BE-algebra.

Proof. By (eBE1), x sz € A, for all x € X. Thus z ox =1, for all x € Y and so (BE1) holds.

By definition of “¢”, (BE2) and (BE3) are hold. To prove (Y;¢,1) is a BE-algebra it is
sufficient to prove that x ¢ (yoz) =yo(xoz), forall z,y,z €Y. f e =1lory=1o0r z =1,
then we have z o (yoz) =yo (xoz). Now, let z,y,z # 1.

If yxz € A, then yoz =1 and so x ¢ (y© z) = 1. On the other hand, if x *x z € A, then
rzoz=1landyo(zoz)=yol=1=zo(yoz). fxxz¢ A, then x o2z = z*z. By Proposition
2.1(v),and y*z € A, we have y x (r*x z) € A. Hence yo (xoz2)=1=x0(yo2).

If yxz ¢ A, then yoz = y* 2. We have two cases: z* (y*z) € Aor xzx (yxz2) & A.
Ifrzx(yoz) =xx(yxz) € A, then zo (yoz) = 1. By (eBE4), y* (xx2) € A and so
yo(roz)=yo(xxz)=1loryo(roz)=yol=1 Thuszo(yoz) =yo(xoz), in this case.

If xx(yxz) & A, then zo (yoz) =z x (y* z). By Proposition 2.1(vi), x *x z € A and so
xoz=u1xxz Also, by (eBE4), y* (z*x2) =zx*(y*2) & A. Hence

yo(roz)=yo(rz*xz)=yx(xxz)=xx(yxz)=z0(yo2).
Thus z o (y© z) =y o (x o z). Therefore (Y;0,1) is a BE-algebra. O

Example 2.3. Let X = {a,b,c¢,d} and A = {a,b}. Consider the following table:

x¢la b ¢ d
ala b c d
bla b ¢ d
cla a a d
dla a a a
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Then (X;*¢, A) is an eBE-algebra. By Theorem 2.5, we get Y = {1,¢,d} with the following
table:

Where (Y;90,1) is a BE-algebra.

Theorem 2.6. Let (X;*,1) be a BE-algebra and Ay be a set such that AgNX = 0. If we define
Y = XUAy, A= AgU{1} and define the operation “o” on'Y as follows:

moy:{ zxy  ifryd Ao

Y otherwise
Then (Y;o0,A) is an eBE-algebra.

Proof. Let x € Y. If x € X, thenzox =xzxx=1€ A. If v € Ag, then xox =z € Ay C A.
Thus zox € A, for all x € Y and (eBE1) holds.

By definition of “o”, we have 0 A = A C A and Aoz = {z}. Hence (¢BE2) and (eBE3)
holds.

To prove Y satisfies axiom (eBE4) we must investigate eight cases. By easy calculation we
get if x,y, 2z & Ag, then

ro(yoz)=wx(y*z)=yx*(x*z)=yo(roz).

On the seven rest following cases, z o (yo z) = z = yo (x o z). Therefore (Y;0,A) is an
eBE-algebra. O

Definition 2.2. An eBE-algebra X is said to be self distributive if x* (y*z) = (z*y) * (r * 2),
forall x,y,z € X.

Example 2.4. (i). According Example 2.3, (X; ¢, A) is a self distributive eBE-algebra.
(ii). In Example 2.1, since

cxi(cxic)=cxia=bF#a=ax*x a= (cx*c)* (cxc).
Then (X;*1, A) is not a self distributive eBE-algebra.

Proposition 2.2. Let (X;x*, A) be a self distributive eBE-algebra. Then
(i) ife*xy € A, then zxx < z*y,
(i) yxz < (z*xy) * (z*2),
forall z,y,z € X.
Proof. (i). Let zxy € A and z € X. Since X is a self distributive, we have
(zxz)*x(z*xy)=zx(xxy) €2zx AC A

Therefore z x x < z *x y.
(77). Using self distributivity and Proposition 2.1(i7), we have

(y*2)x (x*y)*(w*2) = (y*2)* (* (yx2)) € A

Therefore y * z < (z *y) * (x * 2). O
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3. FILTERS ON eBE-ALGEBRAS
From now on, X is an eBE-algebra, otherwise it is stated.

Definition 3.1. A subset F of X is called a filter of X if it satisfies:
(F1) ACF;
(F2) z€ Fandxxy € F implyy € F.

We will denote by F(X) the set of all filters in X. We have F(X) # (), because X and A are
filters of X.

Example 3.1. In Example 2.4(ii), F' = {a, b, c} is a filter of X.
Proposition 3.1. Let F € F(X). Ifz € F and x <y, theny € F.

Proof. Let x € F and x <y. Then zxy € A C F. Hence x xy € F. Since x € F and F is a
filter, we have y € F. O

Theorem 3.1. Let (X;x, A) be an eBE-algebra. Then A is a filter of X.

Proof. Since A C A, it is sufficient to show (F2). Let z,xz xy € A. Since for all y € X,
{y} = Axy, we have y = z xy € A. Therefore A is a filter of X. O

Proposition 3.2. Let {F, : « € A} be a family of filters. Then ﬂ F,, is too.
acl

Proof. Since, A C F,, for all a € A, we have A C ﬂ F,. Let z,zxy € m Fy. Then

aeA acA
x,xxy € F,, for all o € A. Since F, is a filter, we have y € F,, for all @« € A. Therefore

ye ) Fo O
a€gl

Theorem 3.2. Let (X;*, A) be an eBE-algebra and F be a filter. Then F} = (F\ A) U {1} is

a filter of (Y;0,1), which is defined in Theorem 2.5.

Proof. 1t is obvious that 1 € F}. Let z € Fjy and zoy € Fy. If x =1, theny =10y € F}.
Nowlet z #1. If y=1,theny=1€ F;. Now let z,y #1. Sox € F\ Aandye X \ A. If
x oy = 1 by definition of “¢” we imply that x *xy € A. By definition of filter x xy € A C F' and
x € F, we imply that y € F. Besidey ¢ A,y € F\ AC Fy.
If x oy # 1, then by definition of “o”, xxy &€ Aand zoy=x*y € F}. Thusxxy € F} C F.
Beside F'is a filter and z € F' we get y € F. Sincey ¢ A, y € F\ A C F;. Therefore Fj is a
filter of Y. O

Example 3.2. From Theorem 2.5 and Example 2.4 (i), we get Y = {1, ¢, d} with the following
table:

d
d
d
1

}

S

which is a BE-algebra. We can see that F' = {a,
{1} = {1, ¢} is a filter of (Y;o,1).

,c} is a filter of (X;#g,A) and Fy = (F\ A) U

Theorem 3.3. Let (X;x,1) be a BE-algebra, F be a filter of X and Ay be a set such that
XNAy=0. Then Fo = F U Ag is a filter of an eBE-algebra (Y;o, A), which is defined in
Theorem 2.6.
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Proof. Since F'is a filter, 1 € F, and so A C Fy. Now, let z € Fy and xoy € Fy. If x oy € Ay,
then by definition of “o”, x oy =y and so y € Ag C Fp.

If xoy € F, by definition of “o”, we have x,y ¢ A and zoy = x*y. Besides z € Fy = FU Ay,
consequently = € F. Since F is a filter, z € F and x xy € F, we get that y € FF C Fy. Hence
Fy is a filter. O

Example 3.3. Let X = {1,¢,d} and Ag = {a, b}. According to Example 3.2, (X;0,1) is a BE-
algebra. We can see that F' = {1, ¢} is a filter of X. By Theorem 3.3, we get Y = {1,a,b, ¢, d},
A={1,a,b} and (Y;o0,A) is an eBFE-algebra with the following table:

o|ll a b ¢ d
111 a b ¢ d
all a b ¢ d
b1l a b ¢ d
c|ll a b 1 d
d|{l a b 1 1
We can see that Fy = FU Ayg = {1,a,b,c} is a filter of Y.

Let (X;*, A) be an eBE-algebra and a € X. Put F, :={z € X :axx € A}. Sinceaxa € A
and ax A C A, we have a € F, and A C F,,. Hence F, is not an empty set.
Also, if put F*:={x € X : zxa € A}, then a € F® but A € F* in general.

Example 3.4. In Example 2.4(i), F° = {c,d}, but A € F°.
Theorem 3.4. Let (X;x, A) be a self distributive eBE-algebra and a € X. Then F, € F(X).

Proof. Let x, zxy € F,. Then axx € A and a* (x *xy) € A. Since X is self distributive, we
have (a % x) x (a xy) € A. Now, using Theorem 3.1, we have a x y € A. Therefore y € F,. O

In the next example we show that in the Theorem 3.4, if X is not self distributive, then Fj
is not a filter.

Example 3.5. Let X = {a,b,¢,d} and A = {a,b}. Consider the following table:

s7la b c d
ala b c d
bla b c d
clb b b ¢
d|b b b b

Then (X;*7, A) is an eBE-algebra which is not self distributive. We can see that F. = {a, b, c}.
Because ¢ € F. and c*7d € F, but d ¢ F,, F, is not a filter.

Definition 3.2. For every x,y € X define the set
eAlz,y) ={ze€ X :xx(yxz) € A}

We call eA(z,y) an extension upper set of z, y. It is easy to see that A C eA(x,y), x,y € eA(x,y)
and eA(x,y) = eA(y, z).

Example 3.6. In Example 3.5, eA(c,d) = X and eA(a,c) = {a,b,c}. Since ax (cxd) = axc =
¢ & A, we conclude that d € eA(a,c).

Proposition 3.3. Let (X;*, A) be an eBE-algebra and x € X. Then
(i) Fy CeA(zx,y), forally € X.
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(ii) If x <y, then y € eA(z,x), for all z € X.
(iii) Ify € A, then eA(z,y) C Fy, for allz € X.
Proof. (i). Let z € F,, and y € X. Then z * z € A. Using (eBE4) and (eBE2) we have
zx(y*xz)=yx(xxz)cyx ACA.

Thus z * (y * z) € A and so z € eA(z,y). Therefore F, C eA(z,y).
(ii). Let x <y and z € X. Hence z xy € A. Using (eBE2) we have

zx(xxy) € zx AC A

Therefore y € eA(z, z).
(iii). Let x € X, y € A and z € eA(x,y). Using (eBE3) we have

xxz=xx(y*x2) € A
Thus z € F,. Therefore eA(z,y) C F. O
Corollary 3.1. Ify € A, then eA(z,y) = F,.
Theorem 3.5. Let (X;x, A) be an eBE-algebra and x € X. Then

F, = ﬂ eA(z,y).

yeX

Proof. From Proposition 3.3(i), we have F, C ﬂ eA(x,y).

yeX
Now, let z € ﬂ eA(z,y). Then z % (y* z) € A, for all y € X. Since ) # A C X, then
yeX
there exists a € A and by (eBE3) we have . x 2 = x % (a x 2) € A. Hence z € F,. Therefore
F, = m eA(z,y). O

yeX

Theorem 3.6. Let (X;*, A) be a self distributive eBE-algebra. Then the extension upper set
eA(z,y) is a filter of X, where x,y € X.

Proof. Let axb € eA(x,y) and a € eA(z,y). Then z*(y*(axb)) € A and xx(yxa) € A. It follows
from the self distributivity law that x* ((y*a)*(yxb)) € A and so (zx(y*a))*(zx(y*b)) € A.
Now, by Theorem 3.1, since A is a filter and x * (y x a) € A, we have x * (y xb) € A. Therefore
beeAx,y). O

In the following theorem, we give an equivalent condition for the filter in eBE-algebras.

Theorem 3.7. Let F' be a non-empty subset of an eBE-algebra X. Then F is a filter of X if
and only if eA(z,y) C F, for all x,y € F.

Proof. Let F be a filter and z,y € F. If z € eA(x,y), then z % (y *2) € A C F. Since z,y € F
and F is a filter, we have z € F'. Hence eA(z,y) C F.

Conversely, suppose that eA(z,y) C F, for all z,y € F. Since A C eA(z,y) C F, we have
ACF. Let axb,a € F. Using (eBE1) we have (axb)* (axb) € Aandsob € eA(axb,a) C F.
Therefore b € F. O

Theorem 3.8. If F' is a filter of X, then
F = U eA(x,y).

zyelF
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Proof. Let F be afilter of X and z € F. Since z*(axz) € A, for all a € A, we have z € eA(z,a).
Hence
FC U eA(z,a) C U eA(z,y), [ACF]
z€EF,acA zyeF
If z € U eA(x,y), then there exists a,b € F such that z € eA(a,b). It follows from Theorem
z,yeF
3.7, that z € F, i.e. U eA(x,y) C F. Therefore F = U eA(z,y). O
z,yeF z,yeF

For a non-empty subset I of X we define the binary relation ~; in the following way:
r~ryifandonlyif xxy el andyxx € 1.
The set {b: a ~; b} will be denoted by [a];.
Lemma 3.1. In the above relation ~y, if A C I and a € A, then [a]; = I.

Proof. Let x € I and a € A. By using (eBE3) we have axx € Axx = {z} C [ andsoaxz € I.
On the other hand from (eBE2) we have 2 xa € x * A C A C I, then z xa € I. Hence a ~g x.
Therefore I C [a];.

Conversely, let a € A and = € [a];. Then z ~; a and so x *a € [ and a*xx = = € I. Hence
[a]; C I. Therefore [a]; = I. O

Theorem 3.9. Let (X;x,A) be a self distributive eBE-algebra and F € F(X). Then ~p is a
congruence relation on X.

Proof. Since zxx € AC F, we have x xx € F' and so = ~p x.

If x ~F y, then by definition of ~g, it is obvious that y ~p x.

Now, let x ~p y and y ~p 2. Then zxy, yxx € F and y x z, z xy € F. By Proposition
2.2(ii), we have y x z < (z * y) * (z * z) and so by Proposition 3.1, we have (z *xy) * (v * z) € F.
Since F'is a filter and x xy € F', we can see that z * z € F'. By a similar way z xz € F. Thus
x ~p z. Therefore ~y is an equivalent relation on X.

If  ~; y and u ~y v, then x xy,y *x € F and u*v,v xu € F. By Proposition 2.2(ii), we
have ux v < (xxu) * (x *v) and v *u < (x *v) * (x * u) and so by Proposition 3.1, we have
(x*u)* (zxxv) € Fand (zxv)* (x+u) € F. Thus z xu ~p x xv. By the same argument one
can prove that x * v ~p y % v. Since the relation ~j is transitive, we have x *x u ~p y * v which
prove that the relation ~j is a congruence relation on X. O

Proposition 3.4. Let ~; be a congruence relation on X, A C I and a € A. Then [a]1 is a
filter of X.

Proof. From Lemma 3.1, we have [a]; = I. Let z,zy € [a];. Thus  ~; a and z*xy ~ a. Since
y ~1 y and ~ is a congruence relation, one can see that a ~; z xy ~yr axy =y (by (eBE3)).
Thus y € [a];. Therefore [a]; is a filter of X. O

Denote % = {[z]; : * € X}. We define a binary operation “x” on % by [z]r * [y]r := [z *y]1,
in which is well defined by Theorem 3.9. We can define a binary relation “<” on the quotient
set % = {[z]r : = € X'} as follows

[a] 2 [b] <= (Vo €a])(3y € b)) (z <),

where [a] and [b] are equivalence classes with respect to ~7.
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Theorem 3.10. Let (X;x, A) be a self distributive eBE-algebra, F € F(X) and a € A. Then

(%;*, [a]r) is a BE-algebra.
alp

Proof. Since A C F, we can see that A C [a]F, for all a € A. Hence [a]F is a filter by Proposition

3.4 and so ~[q],. is a congruence relation on X by Theorem 3.9. Now we have

(BE1l) [z]p *[z]p = [z xz|p = [a]p, since xxx € A C [a]p,

(BE2) [z]p*[alp = [z*a]p =[a]p, sincexxacxz*xAC AC[a]p,

(BE3) [a]lp x[z]F = [a*xz|p = [z]F, since Axx ={z} and so a *xz = x,
(BE4) [z]r* ([ylr % [2]F) = [2 % (y + 2)|F = [y * (2 2)]r = [y]F * ([e]F % [2]F)-

]

Corollary 3.2. Let (X;*, A) be a self distributive eBE-algebra, F € F(X) and |A| =n. Then
there exists at least n related quotient BE-algebras.

4. CONCLUSION AND FUTURE WORKS

Researchers proposed several kinds of algebraic structures related to some axioms in many-
valued logic used in many-valued mathematics. Different algebraic structures are important for
mathematics and for logic, in particular, non-classical logics and so related algebraic structures
are suitable for many-valued reasoning under uncertainty and vagueness.

The goal of this paper is to generalize the notion of BE-algebra by considering the non-empty
set substitution with constant 1.

As future works, we shall define the commutative eBE-algebras and we shall study the notion
of fuzzy structures on this algebra.
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