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ON GENERALIZED CLASS OF p-VALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS

R.M. EL-ASHWAH!, M.K. AOUF?, HM. ZAYED?

ABSTRACT. In this paper we introduce and study new class Fj o(7,3) of p-valent functions
with negative coefficients. We obtain coefficients inequalities, distortion theorems, extreme
points and radii of close to convexity, starlikeness and convexity for the class Fj g(7, 3). Also
modified Hadamard products of several functions belonging to the class Fj ¢(,3) are study
here. Finally, we investigate several distortion inequalities involving fractional calculus.
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1. INTRODUCTION

Let T),(6) denote the class of functions of the form:

o0
= >y (aper 2 05 6] < 5 peN={1,2,..}), (1)

which are analytic and p—valent in the open unit disc U = {z : z € C and |z| < 1}. Also, let
F, 0(7, ) denote the class of functions f(z) € T,(#) which satisfy

Re {ei" ((1 —~ v)fij) +7;;<,i)1> } > g, (2)

Wher60§é<0059, \9]<g,720,pENandzEU.
p

We note that for suitable choices of v, 8 and p, we obtain the following subclasses:
(1) p.0(7,8) = Fp(7,8) (0< B <p, v>0, peN) (see Lee et al. [4] and Aouf and Darwish
[

1, ( B)=F(v,0) (0< <1, v>0) (see Bhoosnurmath and Swamy [3]);
A(6,B) (0< B < cost, |0] < g) (see Sekine [7]).
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2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we assume throughout this paper that

ewap+k20, 0< s < cosf, |0] < %’ ~ >0 and p,k € N.
p
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Theorem 2.1. Let the function f(z) be given by (1.1). Then f(z) € Fpg(7, )
if and only if

Z e (1 + 7) aptr < cosl — é (3)
k=1 p p
Assume that the condition (3) holds true, then it is sufficient to show that the value for

o (=, 210

2P pzP~1

lie in a circle centered at a point e’ whose radius is cos 8 — é Indeed, we have
p

e

2P pzP~1
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et <1 + Vp) apprz®
1
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Conversely, assume that

el (- 4 LY

Re {Ze’e (1 + L) ap+kzk} < cosf — 167

k=1

which is equivalent to

Choose values of z on the real axis so that
619 (1 + 7> ap+kzk,
k=1 p

is real. Letting 2 — 17 along the real axis, we have

oo

< k
Zew (1 + 7) apyr < cosf — é,
p p

k=1
and hence the proof of Theorem 2.1 is completed.

Corollary 2.1. Let the function f(z) defined by (1.1) be in the class F, (7, 3).
Then

0 —
apsal < ES2EE, (1)
The result is sharp for the function
0—3
f(z) =22 — Meﬂ%p%_ (5)

p+ky
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3. DISTORTION THEOREMS

Theorem 3.1. Let the function f(z) defined by (1) be in the class Fy,9(7, 3), then forz € U, we
have

0 — 0 —
2 = PO B it <) < o 4 PO et )
pT7 pT7
Furthermore
1 0 — 1 0 —
p|z|p—1 o (p+ )(pCOS /8> |Z’p < ‘fl(z)‘ §p|z|p—1 (p+ )(pcos /8) | |p (7)
(p+7) (p+7)
The result is sharp for the function f(z) given by
0 A A
f(Z) = P _ we—zﬁzp+l(z -+ |Z| 629). (8)
Proof. 1t is easy to see from Theorem 2.1 that
Pty p+ky
<1.
pC059 BZM}H—H ZpCOSH /6|ap+k‘| =~
Then
pcosf — ﬂ
a < =— 9
Z| el < B2 )
Making use of (9), we have
P 2 |~ 12 lay] > |27 — 202 (10)
= p+k| Z z p-i-’y z )
and
1 pcost —
1P < 2P + 2[5 % apya] < |z|”+W|z|P+1, (11)
which proves the assertion (6).
From (9) and Theorem 2.1, it follows also that
[o.¢]
(p+1)(pcostd — )
P+ k) |apyr] < . (12)
2 b+ B leps bt
Consequently, we have
_ ~1_ (p+1)(pcost — )
') = plelPt = 2P, X+ k) laps] > plzPt = p 13
()] E |2ljz1 (P + k) lapk| > p 2] v+ ) 2", (13)
and
_ _ +1)(pcosf —
F@] < Pl + 2y =+ ) lapes] < plapt + EFDCSOZD) g gy

(p+7)

which proves the assertion (7). Since each of equalities in (6) and (7) is satisfied by the function
f(2) given by (8), our proof of Theorem 3.1 is thus completed. O
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4. CLOSURE THEOREMS

Let the functions f;(z) be defined, for j =1,2,....,m, by
- Zap+k,jzp+k (eieap+k,j > 0; [0] < g) (15)

Theorem 4.1. Let the functions f;j(z) (j = 1,2,....,m) defined by (15) be in the class F}, g(7, ().
Then the function h(z) defined by

- Z bp+kzp+k7 (16)
k=1
also belongs to the class Fy, (v, 3), where
bp+k = Zap—Hm (17)

Proof. Since f;j(z) (j =1,2,....,m) are in the class F}, g(7, 3), it follows from Theorem 2.1, that

oo
; k
Z e? (1 + 7) Aptkj < cosl — é,
p

k=1 p
for every j =1,2,....,m. Hence
o0 o0 m
0 vk 0 YR\ [ 1
1 b = 14+ — — =
S (142 b= e (14 ) 2y,
k=1 k=1 7=1
1 o= o= ; k 1 «
= — Zew 1+fL Aptk,j S—Z cos&—é Scos@—é.
M52 = p 7 mia p p

By Theorem 2.1, it follows that h(z) € F}, 9(7, 3). This completes the proof of Theorem 4.1. [J

Theorem 4.2. Let the functions fj(z) (j = 1,2, ....,m) defined by (15) be in the class F, o(7, 5;).
Then the function h(z) defined by

h(z) = Z Zap-‘rk,] 2P (18)

k=1
is in the class Fp (7, ), where

8= min {3}. (19)

1<5<m

Proof. Since fj(z) (j = 1,2, ....,m) are in the class F}, o(7, 3;), it follows from Theorem 2.1, that

o
. k .
Zew (1 + ’Y> Aptk,j < cost — @,
1 p p
for every j =1,2,....,m. Hence
oo m m [e.@]
0 /yk 1 1 0
1+2) (= — 14+ 2 <
Ze ( + D ) ZaPJrk:J m 4 Z + Ap+k,j | =
k=1 j=1 j=1 \k=1
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By Theorem 2.1, it follows that h(z) € F,4(7, 3). This completes the proof of Theorem 4.2. [J

Theorem 4.3. Let the functions f;(z) (j = 1,2, ....,m) defined by (15) be in the class F}, g(v, ).
Then the function h(z) defined by

m
h(z) = cifj(2), (20)
j=1
is also in the class F,g(7, 3), where
m
Y =1 (21)
j=1
Proof. Assume that
m oo m
hz) = > eifi(z)=2" =Y (D ciapn; | 2 (22)
j=1 k=1 \j=1
Then it follows that
> (14 2) e (Ssmpns ) = S (20 1+ 2] ) <
k=1 p j=1 j=1 k=1 p

< (COSH — %) Z;n:l ¢; < cosb — %.

By Theorem 2.1, it follows that h(z) € F, (7, 3). This completes the proof of Theorem 4.3. [J

Theorem 4.4. Let f,(2) = 2P and

pcost — [ _ip
fp+k(2) =P — We Zp+k. (23)

Then f(z) is in the class Fy,g(7, B) if and only if can be expressed in the form

f(2) =220 btk fprr(2), (24)
where i > 0 and 32 gpprr = 1.
Proof. Assume that
. pcosh— 3 _.
f2) = Potprrforn(z) =27 = We_wﬂmkzﬁk-‘ﬂl (25)
k=1

Then it follows that

e 0 vk pcosf — B) i0 ( z3>
E 1+ — _ = 0 — — E =
(& < > < k"y (& Hp+k COS Hp+k

k=1 p k=1

= <COSG— 5) (]. —,Mp) S cosf — ga

which implies that f(z) € Fp, (v, 5).
Conversely, assume that the function f(z) defined by (1) be in the class

F,0(7,8). Then
(peost—5)

Aptk <
e (p+ k)
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Setting
 (ptkY)
:up-ﬁ-k - <p cos 9 - ﬁ) € ap+k7

where
pp =1 —20:1 Hp+k 5
we can see that f(z) can be expressed in the form (24). This completes the proof of Theorem

4.4. ([l
Corollary 4.1. The extreme points of the class Fy,9(7y, 3) are the functions fy(z) = 2P and

_ p_PCOSG_ﬂ —if p+k 2%

fn(a) = 20 = LSO =D i (26)

5. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 5.1. Let the function f(z) defined by (1) be in the class Fp (7, 3).
Then f(z) is p-valent close-to-convex of order § (0 < < p) in |z| < r1, where

1
: (p+ky)(p—0) \|F
"= 2‘5{( >} ‘ 27

pcost — B)(k+p
The result is sharp and the extremal function is given by (5).

Proof. We must show that
f'(z)

L& s <=6 gor <, (29)
where r; is given by (27). Indeed we find from (1) that
f'(z) .- k
TE <> tt ) apual 11
k=1
Thus P2
z
,Zp_l _p‘ Sp_év
if
) k+p
S (558 gl < 1. (20)
=1 \P

But by using Theorem 2.1, (29) will be true if
k+p\ ik p+ky
— )< =]
p—29 pcost — (3

1
(p+ k) (p—9) }k
z| < . 30

< { pemg B 0
The result follows easily from (30). O

Then

Theorem 5.2. Let the function f(z) defined by (1) be in the class Fp (7, 3).
Then f(z) is p-valent starlike of order 6 (0 < § < p) in |z| < ro, where
(

1
. (p+ k) (p—9) k
742_szl{(pcosé’—ﬂ)(ki—ﬂn—5)} ’ (31)

The result is sharp and the extremal function is given by (5).
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Proof. We must show that
2f'(2)

—p| <p—20 for |z| <19, 32
78y < (32)
where 73 is given by (31). Indeed we find from (1) that
0| o ikl 1"
f(2) T 132 lapel |2l
Thus
2f'(2) '
f(2)
if
k+p—9
2 () ol < 1. (33

But by using Theorem 2.1, (33) will be true if
k+p—9 2| < p+ky
p—20 ~— \pcosf —3)°

(p+ k) (p—90)
o< { Gor = =7} oy

The result follows easily from (34). O

Then

x|

Corollary 5.1. Let the function f(z) defined by (1) be in the class F, (7, ).
Then f(z) is in p-valent convex of order 6 (0 <0 < p) in |z| < r3, where

=

vy — inf { p(p + k) (p = 9) }
k21 | (k+p)(pcost — B)(k +p —d)

The result is sharp and the extremal function is given by (5).

6. MoODIFIED HADAMARD PRODUCTS

For the functions f;(z) (j = 1,2) defined by (15) and belonging to the class T},(#), the modified
Hadamard product of fi(z) and fa(z) is defined by

[e.e]

(fr* f2)(2) = 27 = appriappr2 ™. (36)
k=1

Theorem 6.1. Let the functions fj(z) (j = 1,2) defined by (15) be in the class Fy, ¢(v, 3). Then
(f1 * f2)(2) € Fp20(7, ) where

(pcos — 3)?

o = pcos20 —
(p+7)

The result is sharp for the functions f;(z) given by

fi(z) =2 — (W) e~0,p+1 (j = 1,2). (38)
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Proof. Employing the technique used ealier by Schild and Silverman [6]. We need only to find
the largest o such that

o 20 (P kY
26220 <p(30529_a> Ap+k,10p+k,2 <1. (39)
k=1
Since fj(z) (j = 1,2) are in the class F, y(v, ), it follows from Theorem 2.1, that
o0
o (_P+ky
> e’ (pcos@—ﬂ) ap+kj < 1, (40)
k=1

for every j = 1,2. By the Cauchy Schwarz inequality we have

oo
o (P kY
> e’ () Vaptk1aptk2 < 1. (41)

— pcosfh — (3
Therefore, (39) will be satisfied if

; p+ ky ; D+ kv
e ( Apiiettpine < €0 ( ————— ) \faprr1Gprha-

pcos 26 — « pcosfh — (3
Then 00
pcos20 —a\ g
Vaptk1Gptk2 < (pcos@—ﬂ) e . (42)
Since (41) implies
pcost — B\ _ip
< | — . 43
Up+k,10p+k,2 = ( P+ kv )6 (43)
From ((42) and (43) we have
(pcos — 3)?
a<pcos2) — —— 44
(p + k7) 9
Now defining the function G(k) by
(peosd — 3)?
G(k) =pcos20 — —————, 45
) o+ F) )
we see that G(k) is an increasing function of k (k € N). Therefore, we conclude that
(pcosf — 3)?
a < G(1) = peos20 — LT I) 46
W o) 1o
which evidently completes the proof of Theorem 6.1. [l

Using arguments similiar to those in the proof of Theorem 6.1, we obtain the following theo-
rem.

Theorem 6.2. Let the function fi(z) defined by (15) be in the class F,g(~y,3). Suppose also
that the function fa(z) defined by (15) be in the class Fy, g(v,$). Then (f1* f2)(2) € Fp20(7, (),

where p p
(»+7)
The result is sharp for the functions f;(z) (j = 1,2) given by
6 — .
fi(z) =28 — (W) e 0 (48)
and

fg(z) = P _ (W) e—i62p+1' (49)
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Theorem 6.3. . Let the functions fj(z) (j = 1,2) defined by (15) be in the class F}, g(7y, 3). Then

the function
oo

h(z) = 2P — Z(a;23+k,1 + a120+k,2)2p+ka (50)
k=1

also belongs to the class Fy, 29(v,1), where

2(pcosh — f3)?

p; B,7;0) = pcos 26 — 51
) e G
The result is sharp for the functions given by (38).
Proof. By using Theorem 2.1, we have
> +ky 17 & +k 1
i D Y 2 0 p Y
= ' < <1 52
Z pcosf — 3| Gptk1 = Ze peosf — goEHRL =5 (52)
k=1t Lk=1 |
and
o) —12 [ oo 12
o P + k’Y 2 10 p + k’Y
- ' < <1.
l;_e peosf— ) 2= z_‘:e peosd — g = (33
It follow from (52) and (53) that
1[0 ptky 12, , 2
23 [ peosf— ) (et T e S 1 (54
Therefore, we need to find the largest n such that
4 17, ky 1
6229 D+ k”}/ <= 6@9 P+ kY ’ (55)
pcos20 —n — 2 pcosf — (3
that is
2(pcosh — 3)?
n<pcos2 - ————.
(p+kv)
Since
2(pcos — [3)?
D(k) =pcos20 — —————
(%) (p+ k)
is an increasing function of k(k € N), we obtain
2(pcosh — 3)?
n<D(l)=pcos2 — ———F—
W (»+7)
and hence the proof of Theorem 6.3 is completed. U

Remark 6.1. (1) Putting 8 = 0 in our results, we obtain the results obtained by Lee et al. [4];
(2) Putting v = p = 1 in our results, we obtain the results obtained by Sekine [7].

7. DEFINITIONS AND APPLICATIONS OF FRACTIONAL CALCULUS

Many essentially equivalent definitions of fractional calculus (that is, fractional derivatives and
fractional integrals) have been given in the literature (cf., e.g. [1], [9] and [10]. We find it to be
convenient to recall here the following definitions which were used recently by Owa [5] and by
Srivastava and Owa [8] ).
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Definition 7.1. The fractional integral of order u is defined, for a function f(z), b
_ 1= f)
D;Ff(z) = / dt (p > 0), 56
DTy ot ez 0

where f(z) is an analytic function in a simply-connected region of the complex z—plane contain-
ing the origin and the multiplicity of (z —t)*~! is removed by requiring log(z —t) to be real when
z—t>0.

Definition 7.2. The fractional derivative of order p is defined, for a function f(z), by

1 d [* f@t)
Dif(z) = —— & dt (0< p<1), 57
U = Frm s |, et 0 << ) 657)
where f(z) is an analytic function in a simply-connected region of the complex z—plane contain-
ing the origin and the multiplicity of (z —t)™" is removed by requiring log(z —t) to be real when
z—1t>0.

Definition 7.3. Under the hypotheses of definition 2, the fractional derivative of order n+ p is

defined by
dn

DI f(z) = = DEf(2) (0 < p < 1; m € No = NU{0}). (58)
Theorem 7.1. Let the function f(z) defined by (1) be in the class Fy (7, 3). Then we have
I'(p+1) { (p+1)(pcost — B) }
D;H — L PRl — z| b, 59
1) 2 F(p+u+1)‘ | P+7)(p+u+1) . 59)
and
I'(p+1) { (p+1)(pcost — B) }
D;H PRl + z 60
Dt )“F(p+u+1)‘ | P+NP+p+1) . (90)
for >0 and z € U. The result is sharp.
Proof. Let
Fp+p+1) _, _
F — =K
Ip+k+DT(p+p+1)
— P _ Ptk
) kle(PJr D0(p+k +p+ 1) P+
Then
Z\IJ Jap kP, (61)
where ( I( )
T'p+k+1)I'(p+p+1
(k)= > 0).
B = S Dtk arn “ 0
Since ¥(k) is an decreasing function of k (k € N), then
(p+1)
0<U(k)<Y(1l) = ————. 62
(k) < w() = ) (62)

From (61) and (62), we have

[F(2)] 2 2P = W(1) [z lapenl. (63)
k=1
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In view of (9) and (63), we have

| Tlptp+l) ~ (p+1)(pcost — B) et
and
_ I‘(p+,u+1)z, e o (p+1)(pcost — ) Pt

which proves the inequalities of Theorem 7.1. Further equalities are attained for the function

- T+l . { _(p+1)(p6059—ﬁ)2}
Dzﬂf(z)_F(erqul)zp W (p+7(p+pu+1) "’ (64)
or
F(z) = 2P — Zwe—“’zpﬂ(z = £ 2| ). (65)
]

Using arguments similiar to those in the proof of Theorem 7.1, we obtain the following theorem.

Theorem 7.2. Let the function f(z) defined by (1) be in the class (7, 3). Then we have

I'(p+1) — (p+1)(pcost — ) B
|Dgf(z)‘ZF(p—u+l) = H{l (P+v)(p—p+1) H} (6)
and
F(p+1) L (p+1)(pcos — ﬁ
DEf =) < L(p—p+1) = {1 " (p+v)(p—p+1) } (&7)

for 0 < pu <1 and z € U. The result is sharp for the function f(z) given by (65).

Remark 7.1. (1) Putting 6 = 0 in our results, we obtain the results obtained by Aouf and
Darwish [2];

(2)Putting 8 = 0 and p = 1 in our results, we obtain the results obtained by Bhoosnurmath and
Swamy [3].
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