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differential equations and theory of difference schemes for partial differential equations.
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1. Introduction

It is well-known that the positivity of differential and difference operators in Hilbert and
Banach spaces is important in the study of various properties of boundary value problems for
partial differential equations, of stability of difference schemes for partial differential equations,
and of summation Fourier series converging in max norm (see, [11], [56], [12]).

An operator A densely defined in a Banach space E with domain D(A) is called positive in
E, if its spectrum σA lies in the interior of the sector of angle ϕ, 0 < ϕ < π, symmetric with
respect to the real axis, and moreover on the edges of this sector S1 (ϕ) = {ρeiϕ : 0 ≤ ρ ≤ ∞ }
and S2 (ϕ) = {ρe−iϕ : 0 ≤ ρ ≤ ∞}, and outside of the sector the resolvent (λ−A)−1 is subject
to the bound (see, [11])

∥∥(A− λ)−1
∥∥

E→E
≤ M

1 + |λ| .

The infimum of all such angles ϕ is called the spectral angle of the positive operator A and is
denoted by ϕ(A) = ϕ(A,E). The operator A is said to be strongly positive in a Banach space
E if ϕ(A, E) < π

2 .

Throughout the present paper, we will indicate with M positive constants which can be
different from time to time and we are not interested in precise. We will write M(α, β, · · · ) to
stress the fact that the constant depends only on α, β, · · · .

Let us consider the selfadjoint positive definite operator A in a Hilbert space H with dense
domain D(A) = H. That means there exists δ > 0 such that A = A∗ ≥ δI. Then, applying the
spectral representation of the selfadjoint positive definite operator, we can get

∥∥(A− λ)−1
∥∥

H→E
≤ sup

δ≤µ<∞
1

|µ− λ| . (1)
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Now, we will estimate 1
|µ−λ| . There are two possible case: Reλ ≤ δ

2 and Reλ > δ
2 . In the first

case we have two estimates
|µ− λ| ≥ µ− δ

2
≥ δ

2
,

|µ− λ| =
√

(µ− 2Reλ) µ + |λ|2 ≥ |λ| .
Therefore, from these estimates it follows that

|µ− λ| ≥ 1
2

(
δ

2
+ |λ|

)
. (2)

In the second case we have the following estimate

|µ− λ| =
√

(µ− |λ| cosϕ)2 + |λ|2 sin2 ϕ ≥ |λ| sinϕ.

Assume that 0 < ε < ϕ. Then

|µ− λ| ≥ sin ε

2

(
δ

2
+ |λ|

)
(3)

for all ε < ϕ. Applying estimates (1), (2) and (3), we can write
∥∥(A− λ)−1

∥∥
H→H

≤ M(ε)
1 + |λ| .

So, the selfadjoint positive definite operator A in a Hilbert space H is the strongly positive
operator with the spectral angle ϕ(A, H) = 0. Therefore, the positivity of operators in a Banach
space is the generalization of the notion of selfadjoint positive definite operators in a Hilbert
space.

The positivity of the wider class of differential operators in Banach spaces has been studied
by K.Yosida, T. Kato, S. Agmon, A. Douglis, L. Nirenberg, A.Friedman, H.B. Stewart, M.Z.
Solomyak, P.E. Sobolevskii and et al (see, [1-4, 57, 63-66]).

In [66], H.B. Stewart proved that uniformly elliptic operator of even order with general bound-
ary conditions generates analytic semigroup in the topology of uniform convergence. As applica-
tion, he gave an existence and uniqueness theorem for parabolic initial-boundary value problems,
by using the Kato-Tanabe theory for temporally inhomogenous evolution equation

∂u

∂t
+ A(t)u = f.

M.Z. Solomyak considered in [64] the equation
{

Au(x)− λu(x) = f(x), x ∈ Ω,
∂ku
∂Nk

|Γ = 0, k = 0, 1, · · · ,m− 1,

where λ = σ + iτ, Ω is a bounded domain with sufficiently smooth boundary Γ, A is a positive
and self-adjoint (for u satisfying the Dirichlet boundary conditions) with sufficiently smooth
coefficients. He proved the positivity of A in Lp(Ω).

The positivity of wider class of differential and difference operators and their related appli-
cations have been investigated by many researchers (see, for example, [6-9, 13-31, 33-55, 59-62,
68-70]).

Important progress has been made in the study of positive operators from the view-point of the
stability analysis of high order accuracy difference schemes for partial differential equations. It is
well known that the most useful methods for stability analysis of difference schemes are difference
analogue of maximum principle and energy method. The application of theory of positive
difference operators allows us to investigate the stability and coercive stability properties of
difference schemes in various norms for partial differential equations especially when one can not
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use a maximum principle and energy method. However, the positivity of difference operators is
not well investigated in general. Therefore, the investigation of positivity of difference operators
in Banach spaces and its applications to stability of difference schemes for partial differential
equations is an important subject.

For a positive operator A in the Banach space E, let us introduce the fractional spaces
Eα = Eα(E, A), Eα,p = Eα,p(E,A), (0 < α < 1) consisting of those v ∈ E for which norms

‖v‖Eα = sup
λ>0

λα‖A(λ + A)−1v‖E ,

‖v‖Eα,p =




∞∫

0

‖λαA(λ + A)−1v‖p
E

dλ

λ




1
p

, 1 ≤ p < ∞

are finite. Clearly, the positive operator commutes A and its resolvent (A−λ)−1. By the definition
of the norm in the fractional space Eα = Eα(E,A), Eα,p = Eα,p(E,A), 1 ≤ p < ∞, (0 < α < 1),
we get

‖(A− λ)−1‖Eα→Eα , ‖(A− λ)−1‖Eα,p→Eα,p ≤ ‖(A− λ)−1‖E→E . (4)

Thus, from the positivity of operator A in the Banach space E it follows the positivity of this
operator in fractional spaces Eα = Eα(E, A), Eα,p = Eα,p(E, A), 1 ≤ p < ∞, (0 < α < 1).

This paper contains a survey of results for fractional spaces generated by positive differential
and difference operators in Banach spaces. Its scope ranges from theory of differential and
difference operators in a space to operators with local and nonlocal boundary conditions. We
also discuss their applications to partial differential equations and theory of difference schemes
for partial differential equations.

2. Fractional spaces generated by differential and difference operators in the

entire space Rn

Let us consider a differential operator with constant coefficients of the form

B =
∑

|r|=2m

br
∂|r|

∂x
r1
1

...∂xrn
n

acting on functions defined on the entire space Rn. Here r ∈ Rn is a vector with nonnegative
integer components, |r| = r1+...+rn. If ϕ (y) (y = (y1, ..., yn) ∈ Rn) is an infinitely differentiable
function that decays at infinity together with all its derivatives, then by means of the Fourier
transformation one establishes the equality

F (Bϕ) (ξ) = B (ξ)F (ϕ) (ξ) .

Here the Fourier transform operator is defined by the rule

F (ϕ) (ξ) = (2π)−n/2
∫

Rn

exp {−i (y, ξ)}ϕ (y) dy,

(y, ξ) = y1ξ1 + ... + ynξn.

The function B (ξ) is called the symbol of the operator B and is given by

B (ξ) =
∑

|r|=2m

br (iξ1)
r1 ... (iξn)rn .
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We will assume that the symbol

Bx(ξ) =
∑

|r|=2m

ar(x) (iξ1)
r1 ... (iξn)rn , ξ = (ξ1, · · ·, ξn) ∈ Rn

of the differential operator of the form

Bx =
∑

|r|=2m

ar(x)
∂|r|

∂xr1
1 . . . ∂xrn

n
(5)

acting on functions defined on the space Rn, satisfies the inequalities

0 < M1|ξ|2m ≤ (−1)mBx(ξ) ≤ M2|ξ|2m < ∞
for ξ 6= 0.

Then, for sufficiently large positive δ, an elliptic operator A = Bx + δI is a strongly positive
operator in Banach spaces C(Rn) and Lp(Rn), 1 ≤ p < ∞. Here C(Rn) is the space of all
continuous functions ϕ(x) defined on Rn with the usual norm

‖ϕ‖C(Rn) = sup
x∈Rn

|ϕ (x)| ,

Lp(Rn) is the space of the all integrable functions ϕ(x) defined on Rn with the norm

‖ϕ‖Lp(Rn) =




∫

x∈Rn

|ϕ (x)|p dx




1
p

.

We will introduce the Banach space Cµ(Rn) (0 < µ < 1) of all continuous functions ϕ(x) defined
on Rn and satisfying a Hölder condition for which the following norm is finite:

‖ϕ‖Cµ(Rn) = sup
x∈Rn

|ϕ (x)|+ sup
x,y∈Rn

y 6=0

|ϕ (x + y)− ϕ (x)|
|y|µ ,

the Banach space Wµ
p (Rn) (0 < µ < 1) of all integrable functions ϕ(x) defined on Rn and sat-

isfying a Hölder condition for which the following norm is finite:

‖ϕ‖W µ
p (Rn) =




∫

x∈Rn

∫

y∈Rn

y 6=0

|ϕ (x + y)− ϕ (x)|p
|y|n+µp dydx + ‖ϕ‖p

Lp(Rn)




1
p

, 1 ≤ p < ∞.

Theorem 2.1. [69] Eα(Cµ(Rn), A) = C2mα+µ(Rn) for all 0 < 2mα + µ < 1, 0 ≤ µ ≤ 1.

This fact follows from the equality D(A) = C2m+µ(Rn) for an 2m-th order elliptic operator
A in Cµ(Rn), 0 < µ < 1, via the real interpolation method.

Theorem 2.2. [69] Eα,p(Lp(Rn), A) = W 2mα
p (Rn) for all 0 < 2mα < 1, 1 ≤ p < ∞.

This fact follows from the equality D(A) = W 2m
p (Rn) for an 2m-th order elliptic operator A in

Lp(Rn), 1 < p < ∞, via the real interpolation method. The alternative method of investigation
adopted in [11],[12], based on estimates of fundamental solution of the resolvent equation for
the operator Ax, allows us to consider also the cases p = 1 and p = ∞.

From the strong positivity of an elliptic operator A = Bx + δI in Banach spaces C(Rn) and
Lp(Rn), 1 ≤ p < ∞ and estimate (4) it follows the strong positivity of this operator in Banach
spaces Cµ(Rn) and W 2mα

p (Rn).
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In applications, we consider the Cauchy problem for the 2m-th order multidimensional para-
bolic equation 




∂u
∂t +

∑
|r|=2m

ar(x) ∂|r|u
∂x

r1
1 ...∂xrn

n
+ δu(t, x) = f(t, x),

0 < t < T, x, r ∈ Rn, |r| = r1 + · · ·+ rn,

u(0, x) = ϕ(x), x ∈ Rn,

(6)

where ar(x) and f(t, x), ϕ(x) are given sufficiently smooth functions and δ > 0 is the sufficiently
large number.The problem (6) has a unique smooth solution. This allows us to reduce the
problem (6) to the abstract Cauchy problem

du(t)
dt

+ Au(t) = f(t), 0 < t < T, u(0) = ϕ (7)

in a Banach space E = Cµ(Rn) with a strongly positive operator A = Bx + δI defined by (5).

Theorem 2.3. [11],[55] Let 0 < 2mµ < 1. Then, for the solution of the Cauchy problem (6) the
following coercivity inequalities are satisfied:

max
0≤t≤T

∥∥∥∥
∂u

∂t

∥∥∥∥
C2mµ(Rn)

+
∑

|r|=2m

max
0≤t≤T

∥∥∥∥∥
∂|r|u

∂xr1
1 . . . ∂xrn

n

∥∥∥∥∥
C2mµ(Rn)

≤ M(µ)


 max

0≤t≤T
‖f‖C2mµ(Rn) +

∑

|r|=2m

∥∥∥∥∥
∂|r|ϕ

∂xr1
1 . . . ∂xrn

n

∥∥∥∥∥
C2mµ(Rn)


 ,




T∫

0

∥∥∥∥
∂u

∂t

∥∥∥∥
p

W 2mµ
p (Rn)

dt




1
p

+
∑

|r|=2m




T∫

0

∥∥∥∥∥
∂|r|u

∂xr1
1 . . . ∂xrn

n

∥∥∥∥∥
p

W 2mµ
p (Rn)

dt




1
p

≤ M(µ)







T∫

0

‖f‖p

W 2mµ
p (Rn)

dt




1
p

+
∑

|r|=2m




T∫

0

∥∥∥∥∥
∂|r|ϕ

∂xr1
1 . . . ∂xrn

n

∥∥∥∥∥
p

W 2mµ
p (Rn)

dt




1
p


 , 1 ≤ p < ∞.

The proof of Theorem 2.3 is based on Theorem 2.1 and Theorem 2.2 on the structure of
fractional spaces Eα(Cµ(Rn), A) and Eα,p(Lp(Rn), A), on the strongly positivity of the operator
A in Cµ(Rn) and Wµ

p (Rn), on following theorems on coercive stability of elliptic problem and
the abstract Cauchy problem for the abstract parabolic equation (7).

Theorem 2.4. [11],[55] Let 0 < 2mµ < 1. Then, for the solution of elliptic problem

∑

|r|=2m

ar(x)
∂|r|v

∂xr1
1 ...∂xrn

n
+ δv(x)= g(x), x∈ Rn (8)

the following coercive inequalities hold:

∑

|r|=2m

∥∥∥∥∥
∂|r|v

∂xr1
1 ...∂xrn

n

∥∥∥∥∥
C2mµ(Rn)

≤ M(µ)‖g‖C2mµ(Rn),

∑

|r|=2m

∥∥∥∥∥
∂|r|v

∂xr1
1 ...∂xrn

n

∥∥∥∥∥
W 2mµ

p (Rn)

≤ M(µ)‖g‖
W 2mµ

p (Rn)
, 1 ≤ p < ∞.
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Theorem 2.5. [58], [48], [49] Let A be a strongly positive operator in a Banach space E. Then,
for the solution of the abstract Cauchy problem (7) the following coercive inequalities hold:

max
0≤t≤T

‖u′(t)‖Eα + max
0≤t≤T

‖Au(t)‖Eα ≤ M

[
‖Aϕ‖Eα +

M

α (1− α)
max

0≤t≤T
‖f(t)‖Eα

]
,




T∫

0

∥∥u′(t)
∥∥p

Eα,p
dt




1
p

+




T∫

0

‖Au(t)‖p
Eα,p dt




1
p

≤ M


‖Aϕ‖Eα,p +

M

α (1− α)




T∫

0

‖f(t)‖p
Eα,p dt




1
p


 .

In this paper we do not discuss results on the well-posedness in Holder spaces in t of the local
and nonlocal boundary-value problems for parabolic equations, for which the reader is referred
to the papers [10-12, 15].

In [50]-[54], Yu. A. Simirnitskii and P.E. Sobolevskii considered the difference operator Ah

which is an elliptic difference operator of an arbitrary high order of accuracy approximating the
multidimensional elliptic operator A = Bx + δI. Let us define the grid space Rn

h (0 < h ≤ h0) as
the set of all points of the Euclidean space Rn whose coordinates are given by

xk = skh, sk = 0,±1,±2, · · ·, k = 1, · · ·, n.

The number h is called the step of the grid space. A function defined on Rn
h will be called a grid

function. To the differential operator B with constant coefficients of the form

B =
∑

|r|=2m

br
∂r1+···+rn

∂x
r1
1
· · · ∂xrn

n

,

we assign the difference operator

Bx
h = h−m

∑

2m≤|s|≤S

ds∆s1
1−∆s2

1+ · · ·∆s2n−1
n− ∆s2n

n+ , (9)

which acts on functions defined on the entire space Rn
h. Here s ∈ R2n is a vector with nonnegative

integer coordinates,
∆k±fh (x) = ±

(
fh (x± ekh)− fh (x)

)
,

and ek is the unit vector of the axis xk.
An infinitely differentiable function of the continuous argument y ∈ Rn that is continuous and

bounded together with all its derivatives is said to be smooth. Let ϕ (y) be a smooth function
on Rn. Using the Taylor expansion of ϕ (y), one can show that

sup
x∈Rn

h

∣∣∣∣h−1∆k±ϕ (x)− ∂

∂yk
ϕ (x)

∣∣∣∣ ≤ M (ϕ) h.

Here the grid function ϕ (x) and ∂
∂yk

ϕ (x) are the traces of the functions ϕ (y) and ∂
∂yk

ϕ (y),
respectively. The last inequality means that the difference operator h−1∆k± is a first-order
approximation for the differential operator ∂

∂yk
.

We say that the difference operator Bx
h is a λ-th order (λ > 0) approximation of the differential

operator Bx if the inequality

sup
x∈Rn

h

|Bx
hϕ (x)−Bxϕ (x)| ≤ M (ϕ) hλ
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holds for any smooth function ϕ (y). We shall assume that the operator Bx
h approximates the

differential operator Bx with any prescribed order.
A function of a continuous [resp., discrete] argument that decays at infinity faster than any

negative power of |y| [resp., |x|] is said to be rapidly decreasing. Let us define the Fourier
transform of a grid function fh (x) by the formula

f̃ (ξ) = (2π)−n
∑

x∈Rn
h

exp {−i (x, ξ)} fh (x) hn, ξ ∈ Rn. (10)

This formula defines a 2πh−1-periodic smooth function of the continuous argument ξ whenever
fh (x) is a rapidly decreasing grid function. In this last case (10) is just Fourier series expansion
of the function f̃ (ξ) and the numbers fh (x) are the Fourier coefficients, given by the formula

fh (x) =
∫

|ξ1|≤πh−1

· · ·
∫

|ξn|≤πh−1

exp {i (x, ξ)} f̃ (ξ) dξ1 · · · dξn. (11)

The inverse Fourier transform of a 2πh−1 periodic function ϕ (ξ) is defined to be the grid function
ϕ̃h (x) given by the formula

ϕ̃h (x) =
∫

|ξ1|≤πh−1

· · ·
∫

|ξn|≤πh−1

exp {i (x, ξ)}ϕ (ξ) dξ1 · · · dξn. (12)

Formulas (11) and (12) establish a one-to-one correspondence between rapidly decreasing grid
functions of a continuous argument. In particular, if fh (x) is a rapidly decreasing grid function,
then

[̂
f̃
]h

(x) = fh (x) .

If fh (x) is a rapidly decreasing grid function, then the grid function Bx
hfh (x) exists and is given

by (10) and we have the equality

B̃x
hf (ξ) = B (ξh, h) f̃ (ξ) .

The function B (ξh, h) is obtained by replacing the operator ∆k± in the right-hand side of
equality (9) with the expression ± (exp {±iξkh} − 1), respectively and is called the symbol of
the difference operator. Since exp {±iξkh} is bounded analytic 2πh−1periodic function, the
symbol B (ξh, h) is a bounded analytic 2πh−1-periodic function. It follows that for large |ξ| one
has the estimate

|B (ξh, h)| ≤ M (h) |ξ|m , |ξ|2 = |ξ1|2 + ... + |ξn|2 .

Let us give the difference operator Ax
h by the formula

Ax
huh(x) =

∑

2m≤|r|≤S

ax
rDr

huh(x) + δuh(x). (13)

The coefficients are chosen in such a way that the operator Ax
h approximates in a specified way

the operator
∑

|r|=2m

ar(x)
∂|r|

∂xr1
1 · · · ∂xrn

n
+ δ.

We shall assume that for |ξkh| ≤ π and fixed x the symbol Ax(ξh, h) of the operator Ax
h − δ

satisfies the inequalities

(−1)mAx(ξh, h) ≥ M1|ξ|2m, | arg Ax(ξh, h)| ≤ φ < φ0 ≤ π

2
.
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We will introduce the space Cβ
h = Cβ(Rn

h), 0 ≤ β ≤ 1 of all bounded grid functions uh(x) defined
on Rn

h, equipped with the norm

||uh||
Cβ

h
= ||uh||Ch

+ sup
x,yεRn

h ,x 6=y

|uh(x)− uh(y)|
|x− y|β ,

where Ch = C(Rn
h) denotes the Banach space of bounded grid functions uh(x) defined on Rn

h,
equipped with the norm

||uh||Ch
= sup

xεRn
h

|uh(x)|.

Next, we will introduce the space W β
p,h = W β

p (Rn
h), 0 ≤ β ≤ 1, 1 ≤ p < ∞ of all bounded grid

functions uh(x) defined on Rn
h, equipped with the norm

||uh||
W β

p,h
=


 ∑

xεRn
h

∑

yεRn
h ,y 6=0

|uh(x)− uh(x + y)|p
|y|n+βp

h2n + ||uh||pLp,h




1
p

.

Here Lp,h = Lp(Rn
h) denotes the Banach space of bounded grid functions uh(x) defined on Rn

h,
equipped with the norm

||uh||Lp,h
=


 ∑

xεRn
h

|uh(x)|phn




1
p

.

Theorem 2.6. [54] An elliptic difference operator Ax
h = Bx

h + δIh is the strongly positive
operator in Banach spaces Ch and Lp,h, 1 ≤ p < ∞.

Theorem 2.7. [11], [34] Eα(Ch, Ax
h) = C2mα

h for all 0 < 2mα < 1.

This fact follows from the equality D(Ax
h) = C2m+µ

h for an 2m-th order elliptic difference
operator Ax

h in Cµ
h , 0 < µ < 1, via the real interpolation method.

Theorem 2.8. [11], [34] Eα,p(Lp,h, Ax
h) = W 2mα

p,h for all 0 < 2mα < 1, 1 ≤ p < ∞.

This fact follows from the equality D(Ax
h) = W 2m

p,h for an 2m-th order elliptic difference
operator Ax

h in Lp,h, 1 < p < ∞, via the real interpolation method. The alternative method of
investigation adopted in [11], [12], based on estimates of fundamental solution of the resolvent
equation for the elliptic difference operator Ax

h, allows us to consider also the cases p = 1 and
p = ∞.

From the strong positivity of an elliptic operator Ax
h = Bx

h + δIh in Banach spaces Ch and
Lp,h, 1 ≤ p < ∞ and estimate (4) it follows the strong positivity of this operator in Banach
spaces Cµ

h and W 2mα
p,h .

In applications, we consider the implicit Rothe difference scheme for the approximate solution
of Cauchy problem (6). The discretization of problem (6) is carried out in two steps. In the first
step let us give the difference operator Ax

h by the formula (13). With the help of Ax
h we arrive

at the initial value problem

duh(t, x)
dt

+ Ax
huh(t, x) = fh(t, x), 0 < t < T, uh(0, x) = ϕh(x), x ∈ Rn

h, (14)

for an infinite system of ordinary differential equations.
In the second step we replace problem (14) by the implicit Rothe difference scheme





1
τ (uh

k(x)− uh
k−1(x)) + Ax

huh
k(x) = fh

k (x), fh
k (x) = fh(tk, x), tk = kτ, 1 ≤ k ≤ N,

Nτ = T, uh
0(x) = ϕh(x), x ∈ Rn

h.

(15)
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Theorem 2.9. [34] The solution of difference schemes (15) satisfies the following stability es-
timates:

max
1≤k≤N

∥∥∥uh
k

∥∥∥
Ch

≤ M

[
||ϕh||Ch

+ max
1≤k≤N

∥∥∥fh
k

∥∥∥
Ch

]
,

max
1≤k≤N

∥∥∥uh
k

∥∥∥
Lp,h

≤ M

[
||ϕh||Lp,h

+ max
1≤k≤N

∥∥∥fh
k

∥∥∥
Lp,h

]
, 1 ≤ p < ∞.

The proof of Theorem 2.9 is based on Theorem 2.6 on a strong positivity of an elliptic difference
operator Ax

h = Bx
h +δIh in Banach spaces Ch and Lp,h, 1 ≤ p < ∞ and on the following abstract

theorem on the stability of the difference scheme
1
τ

(uk − uk−1) + Auk = fk, fk = f(tk), tk = kτ, 1 ≤ k ≤ N, Nτ = T, u0 = ϕ (16)

for the approximate solution of the abstract Cauchy problem (7).

Theorem 2.10. [34] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following stability inequality holds:

max
1≤k≤N

‖uk‖E ≤ M

[
||ϕ||E + max

1≤k≤N
‖fk‖E

]
.

Theorem 2.11. [34] The solution of difference scheme (15) satisfies the following almost coer-
cive stability estimates:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
Ch

+ max
1≤k≤N

∑

|r|=2m

∥∥∥Dr
huh

k

∥∥∥
Ch

≤ M


ln

1
h

∑

|r|=2m

||Dr
hϕh||Ch

+ ln
1

τ + h
max

1≤k≤N

∥∥∥fh
k

∥∥∥
Ch


 ,

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
Lp,h

+ max
1≤k≤N

∑

|r|=2m

∥∥∥Dr
huh

k

∥∥∥
Lp,h

≤ M


ln

1
h

∑

|r|=2m

||Dr
hϕh||Lp,h

+ ln
1

τ + h
max

1≤k≤N

∥∥∥fh
k

∥∥∥
Lp,h


 , 1 ≤ p < ∞.

The proof of Theorem 2.11 is based on Theorem 2.6 on a strong positivity of an elliptic
difference operator Ax

h = Bx
h + δIh in Banach spaces Ch and Lp,h, 1 ≤ p < ∞ and on the

estimate

min
{

ln
1
τ
, 1 +

∣∣∣ln ‖ Ax
h ‖Ch→Ch

∣∣∣
}
≤ M ln

1
τ + h

and on the following theorems on almost coercive stability of the elliptic difference equation and
on almost coercive stability of difference scheme (16).

Theorem 2.12. [35] For the solution of elliptic difference problem
∑

2m≤|r|≤S

ax
rDr

huh(x) + δuh(x)= gh(x), x∈ Rn
h (17)

the following almost coercive stability inequalities hold:
∑

2m≤|r|≤S

∥∥∥Dr
huh

∥∥∥
Ch

≤ M ln
1
h
‖gh‖Ch

,
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∑

2m≤|r|≤S

∥∥∥Dr
huh

∥∥∥
Lp,h

≤ M ln
1
h
‖gh‖Lp,h

, 1 ≤ p < ∞.

Theorem 2.13. [60], Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following almost coercive stability inequality holds:

max
1≤k≤N

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
E

+ max
1≤k≤N

‖Auk‖E

≤ M

[
||Aϕ||E + min

{
ln

1
τ
, 1 + |ln ‖A‖E→E |

}
max

1≤k≤N
‖fk‖E

]
.

Theorem 2.14. [60] Let 0 < 2mµ < 1. Then, the solution of difference scheme (15) satisfies
the following coercive stability estimates:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
C2mµ

h

+ max
1≤k≤N

∑

|r|=2m

∥∥∥Dr
huh

k

∥∥∥
C2mµ

h

≤ M(µ)


 ∑

|r|=2m

||Dr
hϕh||

C2mµ
h

+ max
1≤k≤N

∥∥∥fh
k

∥∥∥
C2mµ

h


 ,

[
N∑

k=1

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
p

W 2mµ
p,h

τ

] 1
p

+


 ∑

|r|=2m

N∑

k=1

∥∥∥Dr
huh

k

∥∥∥
p

W 2mµ
p,h

τ




1
p

≤ M(µ)


 ∑

|r|=2m

||Dr
hϕh||

W 2mµ
p,h

+

[
N∑

k=1

∥∥∥fh
k

∥∥∥
p

W 2mµ
p,h

τ

] 1
p


 , 1 ≤ p < ∞.

The proof of Theorem 2.14 is based on Theorem 2.6 on a strong positivity of an elliptic
difference operator Ax

h = Bx
h + δIh in Banach spaces Ch and Lp,h, 1 ≤ p < ∞ and on the

following theorems on coercive stability of the elliptic difference equation (17) and on coercive
stability of difference scheme (16).

Theorem 2.15. [35] Let 0 < 2mµ < 1. Then, for the solution of elliptic difference equation
(17) the following coercive stability inequalities hold:

∑

2m≤|r|≤S

∥∥∥Dr
huh

∥∥∥
C2mµ

h

≤ M(µ)‖gh‖
C2mµ

h
,

∑

2m≤|r|≤S

∥∥∥Dr
huh

∥∥∥
W 2mµ

p,h

≤ M(µ)‖gh‖
W 2mµ

p,h
, 1 ≤ p < ∞.

Theorem 2.16. [60] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following coercive stability inequalities hold:

max
1≤k≤N

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
Eµ

+ max
1≤k≤N

‖Auk‖Eµ

≤ M(µ)
[
||Aϕ||Eµ + max

1≤k≤N
‖fk‖Eµ

]
,

[
N∑

k=1

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
p

Eµ,p

τ

] 1
p

+

[
N∑

k=1

‖Auk‖p
Eµ,p

τ

] 1
p
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≤ M(µ)


||Aϕ||Eµ,p +

[
N∑

k=1

‖fk‖p
Eµ,p

τ

] 1
p


 .

Note that the positivity of differential and difference operators in the space and structure of
fractional spaces generated by these positive operators were well investigated. We have given
only simple applications of these results to well-posedness of partial differential and difference
equations. For more details see [11] and [12].

3. Positive operators in the half-space. Fractional spaces generated by

differential and difference operators in the half-space

In [41]-[44], S.I. Danelich considered the difference elliptic operator Ax
h which is an arbitrary

high order of accuracy approximating the multi dimensional elliptic operator Ax defined by

Ax = (−1)ma(x)
∂2m

∂x2m
n+1

+
∑

|r|=2m

ar(x)
∂|r|

∂xr1
1 · · · ∂xrn

n
+ δI

with the domain

D(Ax) =

{
u :

∂2mu(xn+1, x)
∂x2m

n+1

,
∂|r|u(xn+1, x)
∂xr1

1 · · · ∂xrn
n

∈ C(R+ × Rn), |r| = r1 + ... + rn = 2m,

u(0, x) = 0,
∂u(0, x)
∂xn+1

= 0, · · · ,
∂m−1u(0, x)

∂xm−1
n+1

= 0, x ∈ Rn,R+ = [0,∞).

}

Here, a(x) is a smooth function defined on Rn with a(x) ≥ a > 0. She proved the strong
positivity of Ax

h in the Banach space Ch = C(R+
h ×Rn

h) (difference analogue of C(R+×Rn)) for
sufficiently large positive δ. Passing to limit when h → 0, we can get the strong positivity of
differential operator Ax in the Banach space C(R+ × Rn).

In [22], the two-dimensional elliptic differential operator Axwith dependent coefficients on the
half-space R+ × R1

Axu(x) = −a11(x)ux1x1(x)− a22(x)ux2x2(x) + σu(x), x = (x1, x2) ∈ R+ × R1 (18)

with the domain

D(Ax) =
{

u :
∂2u(x)

∂x2
1

,
∂2u(x)

∂x2
1

∈ C(R+ × R1), u(0, x2) = 0, x2 ∈ R1.

}

Here, the coefficients aii(x), i = 1, 2 are continuously differentiable and satisfy the uniform
ellipticity

a2
11(x) + a2

22(x) ≥ δ > 0, (19)

and σ > 0.

The Green function of differential operator Ax defined by (18) was constructed. Moreover,
applying Green’s function of Ax the following results were proved.

Theorem 3.1. [22] Ax is the positive operator in the Banach space C (R+ × R) of all continuous
bounded functions ϕ(x) defined on R+ × R with the norm

‖ϕ‖C(R+×R) = sup
x∈R+×R

|ϕ(x)|.
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Theorem 3.2. [22] Ax is the strongly positive operator in the space Cβ(R+×R).Here Cβ(R+×
R) be the Hölder space of all continuous bounded functions ϕ defined on R+ × R satisfying a
Hölder condition with the indicator β ∈ (0, 1) with the norm

‖f‖Cβ(R+×R) = ‖f‖C(R+×R) + sup
x, x′ ∈ R+ × R,

x 6= x′

|f (x)− f (x′)|
|x− x′|β

.

Theorem 3.3. [22] Suppose β, 2α+β ∈ (0, 1). Then, the norms of the spaces Eα(A,Cβ(R+×R))
and C2α+β(R+ × R) are equivalent.

In applications, we will consider the boundary value problem for the elliptic equation



−∂2u(t,x)
∂t2

− a11(x)∂2u(t,x)
∂x2

1
− a22(x)∂2u(t,x)

∂x2
2

+ σu(t, x)

= f(t, x), 0 < t < T, x ∈ R+ × R1,

u(0, x) = ϕ(x), u(T, x) = ψ(x), x ∈ R+ × R1,

u(t, 0, x2) = 0, 0 ≤ t ≤ T, x2 ∈ R1.

(20)

Here, a11(x), a22(x), ϕ(x), and f(t, x) are sufficiently smooth functions. Assume that the as-
sumption of the uniform ellipticity holds.

Theorem 3.4. [22] For the solution of boundary value problem (20), we have the following
estimate

‖utt‖C(C2α+β(R+×R)) + ‖ux1x1‖C(C2α+β(R+×R)) + ‖ux2x2‖C(C2α+β(R+×R))

≤ M(α, β)
[
‖ϕx1x1

‖C2α+β(R+×R) + ‖ϕx2x2‖C2α+β(R+×R) + ‖ψx1x1
‖C2α+β(R+×R)

+‖ψx2x2‖C2α+β(R+×R) + ‖f‖C(C2α+β(R+×R))

]
.

The proof of Theorem 3.4 is based on Theorem 3.3 on the structure of the fractional spaces
Eα(Ax, Cβ(R+ × R)), Theorem 3.2 on the positivity of the operator Ax, on the following theo-
rems on coercive stability of elliptic problems, nonlocal boundary value for the abstract elliptic
equation and on the structure of the fractional space E′

α = Eα(A1/2, E) which is the Banach
space consists of those v ∈ E for which the norm

||v||E′α = sup
λ>0

λα

∥∥∥∥A1/2
(
λ + A1/2

)−1
v

∥∥∥∥
E

+ ||v||E
is finite.

Theorem 3.5. [22] Under assumption (19) for the solution of elliptic problem




a11(x)∂2u(t,x)
∂x2

1
+a22(x)∂2u(t,x)

∂x2
2

− σu(x) = g(x), x∈ R+×R1,

u(0, x2) = 0, x2∈R1

the following coercive inequality holds∥∥∥∥
∂2u

∂x2
1

∥∥∥∥
Cµ(R+×R)

+
∥∥∥∥
∂2u

∂x2
2

∥∥∥∥
Cµ(R+×R)

≤ M(µ)‖g‖Cµ(R+×R).
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The proof of Theorem 3.5 uses the techniques introduced in [12] and it is based on estimates
for the Green’s function of operator Ax defined by (18).

Theorem 3.6. [33] The spaces Eα(A,E) and E′
2α(A1/2, E) coincide for any 0 < α < 1

2 , and
their norms are equivalent.

Theorem 3.7. [38] Let A be positive operator in a Banach space E and f ∈ C([0, T ] , E′
α)

(0 < α < 1) . Then, for the solution of the nonlocal boundary value problem



−u′′(t) + Au(t) = f(t), 0 < t < T,

u(0) = ϕ, u(T ) = ψ

in a Banach space E with positive operator A the coercive inequality

‖u′′‖C([0,T ],E′α) + ‖Au‖C([0,T ],E′α)

≤ M

[
‖Aϕ‖E′α + ‖Aψ‖E′α +

M

α (1− α)
‖f‖C([0,T ],E′α)

]

holds.

Note that the positivity of differential and difference operators in the half-space and the
structure of fractional spaces generated by these positive operators were well investigated. For
more details see [5], [23] and [43].

4. Positive differential and difference operators with local boundary

conditions

In [6-8], Kh. A. Alibekov and P.E. Sobolevskii considered the simple difference operator Ax
h

which is an elliptic difference operator of second order of accuracy approximating the simple
multidimensional elliptic differential operator A defined by

Axu = −
n∑

r=1

αr(x)
∂2u(x)

∂x2
(21)

acting on functions Ω satisfying the condition u = 0 on S, where Ω ⊂ Rn is the open unit cube
with boundary S. They proved the strong positivity of Ax

h in the Banach spaces Lp(Ωh) and
C(Ωh) (difference analogue of Lp(Ω) and C(Ω)). Passing to limit when h → 0, we can get the
strong positivity of differential operator Ax in Banach spaces Lp(Ω) and C(Ω). At first time in
[6], P.E. Sobolevskii proved the strong positivity of Ax

h in difference analogue of Hölder spaces
Cβ

01(Ω) with weight on boundary.
We consider the differential operator Ax defined by the formula

Axu = −a(x)
d2u

dx2
+ δu (22)

with domain D(Ax) =
{
u ∈ C(2) [0, l] : u (0) = u (l) = 0

}
. Let a(x) be the smooth function de-

fined on the segment [0, l] and a(x) ≥ a > 0.The pointwise estimates for the Green function of
differential operator Ax defined by (22) were obtained. Moreover, applying these estimates of
Green’s function of Ax the following results were proved.

Theorem 4.1. [12] Ax is the positive operator in the Banach space C [0, l] of all continuous
functions ϕ(x) defined on [0, l] with the norm

‖ϕ‖C[0,l] = max
x∈[0,l]

|ϕ(x)|.
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Let Cβ [0, l] be the Hölder space of all continuous functions ϕ(x) defined on [0, l] satisfying a
Hölder condition with the indicator β ∈ (0, 1) with the norm

‖f‖Cβ [0,l] = ‖f‖C[0,l] + sup
x, x′ ∈ [0, l] ,

x 6= x′

|f (x)− f (x′)|
|x− x′|β

.

Theorem 4.2. [12] For µ ∈ (0, 1
2 ), the norms of the space Eµ(C [0, l] , Ax) and the Hölder

space
·
C

2µ

[0, l] are equivalent. Here
·
C

2µ

[0, l] =
{
ϕ(x) : ϕ(x) ∈ C2µ [0, l] , ϕ (0) = ϕ (l) = 0

}
.

Theorem 4.3. [12] Ax is the strongly positive operator in
·
C

2µ

[0, l] for µ ∈ (0, 1
2 ).

In applications, we consider the initial-boundary value problem for the parabolic equation



∂u
∂t − a(x)∂2u

∂x2 + δu(t, x) = f(t, x), 0 < t < T, x ∈ (0, l) ,

u(t, 0) = u(t, l) = 0, 0 ≤ t ≤ T,

u(0, x) = ϕ(x), x ∈ [0, l] ,
(23)

where a(x) and f(t, x), ϕ(x) are given sufficiently smooth functions and δ > 0 is the sufficiently
large number.The problem (23) has a unique smooth solution. This allows us to reduce the
problem (23) to the abstract Cauchy problem (6) in a Banach space E = Cµ [0, l] with a strongly
positive operator Ax defined by (22).

Theorem 4.4. [12] Let 0 < 2mµ < 1. Then, for the solution of problem (23) the following
coercivity inequality is satisfied:

max
0≤t≤T

‖ut(t)‖ ·
C

2mµ

[0,l]
+ max

0≤t≤T
‖u(t)‖ ·

C
2+2mµ

[0,l]

≤ M(µ)
[

max
0≤t≤T

‖f‖ ·
C

2mµ

[0,l]
+ ‖ϕ‖ ·

C
2+2mµ

[0,l]

]
.

The proof of Theorem 4.4 is based on Theorem 4.2 on the structure of the fractional spaces

Eα(Cµ [0, l] , Ax), on Theorem 4.3 on the strongly positivity of the operator Ax in
·
C

µ

[0, l] and
on Theorem 2.5 on coercive stability of the abstract Cauchy problem for the abstract parabolic
equation (7).

In [39], M. A. Bazarov considered a second order of approximation of the differential operator
Ax defined by formula (22) difference operator Ax

h defined by formula

Ax
huh =

{
−a(xk)

uk+1 − 2uk + uk−1

h2
+ δuk

}M−1

1

, uh = {uk}M
0 ,Mh = l

with u0 = uM = 0. He proved the following results.

Theorem 4.5. [39] Ax
h is the strongly positive operator in the space Ch = C [0, l]h of all mesh

functions ϕh(x) = {ϕk}M
0 defined on [0, l]h with the norm

∥∥∥ϕh
∥∥∥

Ch

= max
0≤k≤M

|ϕk| .

Let Cβ
h = Cβ [0, l]h be the Hölder space of all mesh functions ϕh(x) = {ϕk}M

0 defined on [0, l]h
satisfying a Hölder condition with the indicator β ∈ (0, 1) with the norm

∥∥∥ϕh
∥∥∥

Cβ
h

=
∥∥∥ϕh

∥∥∥
Ch

+ sup
0≤k<k+n≤M

|ϕk+n − ϕk|
(nh)β

.
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Theorem 4.6. [39] For µ ∈ (0, 1
2 ), the norms of the space Eµ(Ch, Ax

h) and the Hölder space
·
C

2µ

h

are equivalent uniformly in h. Here
·

Ch

2µ

=
{

ϕh(x) : ϕh(x) ∈ C2µ
h , ϕ0 = ϕM = 0

}
.

Theorem 4.7. [39] Ax is the strongly positive operator in
·

Ch

2µ

for µ ∈ (0, 1
2 ).

In applications, we consider the Crank-Nicholson difference scheme for the approximate solu-
tion of problem (23). The discretization of problem (23) is carried out in two steps. In the first
step let us give the difference operator Ax

h by formula (22). With the help of Ax
h we arrive at

the initial value problem

duh(t, x)
dt

+ Ax
huh(t, x) = fh(t, x), 0 < t < T, uh(0, x) = ϕh(x), x ∈ [0, l]h , (24)

for an infinite system of ordinary differential equations.
In the second step we replace problem (24) by the Crank-Nicholson difference scheme




1
τ (uh

k(x)− uh
k−1(x)) + 1

2Ax
h

[
uh

k(x) + uh
k−1(x)

]
= fh

k (x),

fh
k (x) = fh(tk − τ

2 , x), tk = kτ, 1 ≤ k ≤ N,

Nτ = T, uh
0(x) = ϕh(x), x ∈ [0, l]h .

(25)

Theorem 4.8. [11] The solution of difference scheme (25) satisfies the following stability esti-
mate:

max
1≤k≤N

∥∥∥uh
k

∥∥∥
Cµ

h

≤ M(µ)
[
||ϕh||Cµ

h
+ max

1≤k≤N

∥∥∥fh
k

∥∥∥
Cµ

h

]
.

The proof of Theorem 4.8 is based on Theorem 4.5 on a strong positivity of difference operator
Ax

h in the Banach space Cµ
h and on the following abstract theorem on stability of the difference

scheme 



1
τ (uk − uk−1) + 1

2A [uk + uk−1] = fk,

fk = f(tk − τ
2 ), tk = kτ, 1 ≤ k ≤ N, Nτ = T, u0 = ϕ

(26)

for the approximate solution of the abstract Cauchy problem (7).

Theorem 4.9. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following stability inequality holds:

max
1≤k≤N

‖uk‖Eµ
≤ M(µ)

[
||ϕ||Eµ + max

1≤k≤N
‖fk‖Eµ

]
.

Theorem 4.10. [11]The solution of difference scheme (26) satisfies the following almost coercive
stability estimate:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
Ch

+ max
1≤k≤N

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
Ch

≤ M

[
||D2

hϕh||Ch
+ ln

1
τ + h

max
1≤k≤N

∥∥∥fh
k

∥∥∥
Ch

]
.

The proof of Theorem 4.10 is based on Theorem 4.5 on a strong positivity of an elliptic
difference operator Ax

h in the Banach space C [0, l]h and on the estimate

min
{

ln
1
τ
, 1 +

∣∣∣ln ‖ Ax
h ‖Ch→Ch

∣∣∣
}
≤ M ln

1
τ + h

(27)
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and on the following theorem on almost coercive stability of difference scheme (26).

Theorem 4.11. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following almost coercive stability inequality holds:

max
1≤k≤N

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
E

+ max
1≤k≤N

∥∥∥∥A
uk + uk−1

2

∥∥∥∥
E

≤ M

[
||Aϕ||E + min

{
ln

1
τ
, 1 + |ln ‖A‖E→E |

}
max

1≤k≤N
‖fk‖E

]
.

Theorem 4.12. [11] Let 0 < 2mµ < 1. Then, the solution of difference scheme (26) satisfies
the following coercive stability estimate:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
C2mµ

h

+ max
1≤k≤N

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
C2mµ

h

≤ M(µ)
[
||D2

hϕh||
C2mµ

h
+ max

1≤k≤N

∥∥∥fh
k

∥∥∥
C2mµ

h

]
.

The proof of Theorem 4.12 is based on Theorem 4.5 on a strong positivity of an elliptic
difference operator Ax

h in the Banach space Ch and on the following theorem on coercive
stability of difference scheme (26).

Theorem 4.13. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following coercive stability inequality holds:

max
1≤k≤N

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
Eµ

+ max
1≤k≤N

∥∥∥∥A
uk + uk−1

2

∥∥∥∥
Eµ

≤ M(µ)
[
||Aϕ||Eµ + max

1≤k≤N
‖fk‖Eµ

]
.

Note that the positivity of difference operators which are a high order of approximation of
the operator defined by formula (21) is not studied. Nevertheless structure of fractional spaces
generated by these positive operators is not well-investigated.

5. Positive differential and difference operators with nonlocal boundary

conditions

Finally, we should mention that the positivity of difference operators with nonlocal conditions
is investigated only in one-dimensional case. In [19], A. Ashyralyev, I. Karakaya considered the
differential operator Ax defined by the formula

Axu = −a(x)
d2u

dx2
+ δu (28)

with domain D(Ax) =
{
u ∈ C(2) [0, l] : u (0) = u (l) , u′ (0) = u′ (l)

}
. Let a(x) be the smooth

function defined on the segment [0, l] and a(x) ≥ a > 0.

Theorem 5.1. Ax is the strongly positive operator in C [0, l] .

Theorem 5.2. For α ∈ (0, 1
2 ), the norms of the space Eα(C [0, l] , Ax) and the Hölder space

C2α [0, l] are equivalent.

Theorem 5.3. Ax is the strongly positive operator in C2α [0, l] .



A. ASHYRALYEV: A SURVEY OF RESULTS IN THE THEORY OF FRACTIONAL ... 145

In [13]-[14], A. Ashyralyev and B. Kendirli considered the difference operator Ax
h defined by

formula

Ax
huh =

{
−a(xk)

uk+1 − 2uk + uk−1

h2
+ δuk

}M−1

1

, uh = {uk}M
0 ,Mh = l (29)

with u0 = uM , u1 − u0 = uM − uM−1. This operator is a first order of approximation of the
differential operator Ax defined by formula (28). They proved the following results.

Theorem 5.4. [13] Ax
h is the strongly positive operator in Ch.

Theorem 5.5. [14] For α ∈ (0, 1
2 ), the norms of the space Eα(Ch, Ax

h) and the Hölder space
C2α

h are equivalent.

Theorem 5.6. [14] Ax
h is the strongly positive operator in C2α

h .

A. Ashyralyev and N. Yenial-Altay considered in [16] the difference operator defined by for-
mula

Ax
huh =

{
−a(xk)

uk+1 − 2uk + uk−1

h2
+ δuk

}M−1

1

, uh = {uk}M
0 ,Mh = l (30)

with u0 = uM , −u2 + 4u1 − 3u0 = uM−2 − 4uM−1 + 3uM . This operator is a second order of
approximation of the differential operator Ax defined by formula (28). They proved the following
results.

Theorem 5.7. [16] Ax
h is the strongly positive operator in Ch.

Theorem 5.8. [16] For α ∈ (0, 1
2 ), the norms of the space Eα(Ch, Ax

h) and the Hölder space
C2α

h are equivalent.

Theorem 5.9. [16] Ax
h is the strongly positive operator in C2α

h .

A. Ashyralyev considered in [18] the differential operator defined by (28) and difference op-
erator Ax

h which is a second order approximation of Ax and defined by formula (30). He proved
the following results.

Theorem 5.10. [18] Ax is the strongly positive operator in the space Lp [0, l] , 1 ≤ p < ∞ of
the all integrable functions ϕ(x) defined on [0, l] with the norm

‖ϕ‖Lp[0,l] =




l∫

0

|ϕ (x)|p dx




1
p

.

Theorem 5.11. [18] Eα,p(Lp [0, l] , Ax) = W 2α
p [0, l] for all 0 < 2α < 1, 1 ≤ p < ∞. Here,

Wµ
p [0, l] (0 < µ < 1) is the Banach space of all integrable functions ϕ(x) defined on [0, l] and

satisfying a Hölder condition for which the following norm is finite:

‖ϕ‖W µ
p [0,l] =




l∫

0

l∫

0

|ϕ (x + y)− ϕ (x)|p
|y|1+µp dydx + ‖ϕ‖p

Lp[0,l]




1
p

, 1 ≤ p < ∞.

This fact follows from the equality D(Ax) = W 2
p [0, l] for a second order differential operator

Ax in Lp [0, l] , 1 < p < ∞, via the real interpolation method. The alternative method of
investigation adopted in [11], [12], based on estimates of fundamental solution of the resolvent
equation for the operator Ax, allows us to consider also the cases p = 1 and p = ∞.
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Theorem 5.12. [18] Ax is the strongly positive operator in the space W 2α
p [0, l] for all 0 < 2α <

1, 1 ≤ p < ∞.

In applications, we consider the initial-boundary value problem for the parabolic equation



∂u
∂t − a(x)∂2u

∂x2 + δu(t, x) = f(t, x), 0 < t < T, x ∈ (0, l) ,

u(t, 0) = u(t, l), ux(t, 0) = ux(t, l), 0 ≤ t ≤ T,

u(0, x) = ϕ(x), x ∈ [0, l] ,
(31)

where a(x) and f(t, x), ϕ(x) are given sufficiently smooth functions and δ > 0 is the sufficiently
large number.The problem (31) has a unique smooth solution. This allows us to reduce the
problem (31) to the abstract Cauchy problem (6) in Banach spaces E = Cµ [0, l] and Lp [0, l] ,
1 ≤ p < ∞ with a strongly positive operator Ax defined by (28).

Theorem 5.13. [12] Let 0 < 2mµ < 1. Then, for the solution of problem (31) the following
coercivity inequalities are satisfied:

max
0≤t≤T

‖ut(t)‖C2mµ[0,l] + max
0≤t≤T

‖u(t)‖C2+2mµ[0,l]

≤ M(µ)
[

max
0≤t≤T

‖f‖C2mµ[0,l] + ‖ϕ‖C2+2mµ[0,l]

]
,




T∫

0

‖ut‖p

W 2mµ
p [0,l]

dt




1
p

+




T∫

0

‖u(t)‖p

W 2+2mµ
p [0,l]

dt




1
p

≤ M(µ)







T∫

0

‖f‖p

W 2mµ
p [0,l]

dt




1
p

+




T∫

0

‖ϕ‖p

W 2mµ
p [0,l]

dt




1
p


 , 1 ≤ p < ∞.

The proof of Theorem 5.13 is based on Theorems 5.2 and 5.11 on the structure of the frac-
tional spaces Eα(Cµ [0, l] , Ax) and Eα,p(Lp [0, l] , Ax), on Theorems 5.3 and 5.12 on the strongly
positivity of the operator Ax in Cµ [0, l] and W 2mµ

p [0, l] , on Theorem 2.5 on coercive stability
of the abstract Cauchy problem for the abstract parabolic equation (7).

Theorem 5.14. [18] Ax
h is the strongly positive operator in the space Lp = Lp,h , 1 ≤ p < ∞

of mesh functions ϕh(x) defined on [0, l]h with the norm

∥∥∥ϕh
∥∥∥

Lp,h

=


 ∑

x∈[0,l]h

∣∣∣ϕh (x)
∣∣∣
p
h




1
p

.

Theorem 5.15. [18] Eα,p(Lp,h, Ax
h) = W 2α

p,h for all 0 < 2α < 1, 1 ≤ p < ∞. Here, Wµ
p,h =

Wµ
p [0, l]h (0 < µ < 1) is the Banach space of all mesh functions ϕh(x) defined on [0, l]h with the

norm:

∥∥∥ϕh
∥∥∥

W µ
p,h

=




∑

x∈[0,l]h

∑

y∈[0,l]h
y 6=0

∣∣ϕh (x + y)− ϕh (x)
∣∣p

|y|1+µp h2 +
∥∥∥ϕh

∥∥∥
p

Lp,h




1
p

, 1 ≤ p < ∞.

This fact follows from the equality D(Ax
h) = W 2

p,h for a second order differential operator Ax
h

in Lp,h, 1 < p < ∞, via the real interpolation method. The alternative method of investigation
adopted in [11], [12], based on estimates of fundamental solution of the resolvent equation for
the operator Ax

h, allows us to consider also the cases p = 1 and p = ∞.
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Theorem 5.16. [18] Ax
h is the strongly positive operator in the space W 2α

p,h for all 0 < 2α <

1, 1 ≤ p < ∞.

In applications, we consider the Crank-Nicholson difference scheme for the approximate solu-
tion of problem (28). The discretization of problem (28) is carried out in two steps. In the first
step let us give the difference operator Ax

h by formula (30). With the help of Ax
h we arrive at the

initial value problem (24). In the second step we replace problem (24) by the Crank-Nicholson
difference scheme (26).

Theorem 5.17. [11] The solution of difference scheme (25) satisfies the following stability
estimates:

max
1≤k≤N

∥∥∥uh
k

∥∥∥
Cµ

h

≤ M(µ)
[
||ϕh||Cµ

h
+ max

1≤k≤N

∥∥∥fh
k

∥∥∥
Cµ

h

]
,

max
1≤k≤N

∥∥∥uh
k

∥∥∥
W µ

p,h

≤ M(µ)
[
||ϕh||W µ

p,h
+ max

1≤k≤N

∥∥∥fh
k

∥∥∥
W µ

p,h

]
, 1 ≤ p < ∞.

The proof of Theorem 5.17 is based on Theorems 5.6 and 5.16 on a strong positivity of
difference operator Ax

h in Banach space Cµ [0, l]h and Wµ
p,h for all 0 < µ < 1, 1 ≤ p < ∞, on

Theorem 4.9 on stability of the difference scheme (26).

Theorem 5.18. [11] The solution of difference scheme (25) satisfies the following almost coer-
cive stability estimates:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
Ch

+ max
1≤k≤N

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
Ch

≤ M

[
||D2

hϕh||Ch
+ ln

1
τ + h

max
1≤k≤N

∥∥∥fh
k

∥∥∥
Ch

]
,

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
Lp,h

+ max
1≤k≤N

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
Lp,h

≤ M

[
||D2

hϕh||Lp,h
+ ln

1
τ + h

max
1≤k≤N

∥∥∥fh
k

∥∥∥
Lp,h

]
, 1 ≤ p < ∞.

The proof of Theorem 5.18 is based on Theorems 5.4 and 5.14 on a strong positivity of an
elliptic difference operator Ax

h in Banach space C [0, l]h and Lp,h, 1 ≤ p < ∞, on estimate (27)
and on Theorem 4.11 on almost coercive stability of difference scheme (26).

Theorem 5.19. [11] Let 0 < 2mµ < 1. Then, the solution of difference scheme (25) satisfies
the following coercive stability estimates:

max
1≤k≤N

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
C2mµ

h

+ max
1≤k≤N

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
C2mµ

h

≤ M(µ)
[
||D2

hϕh||
C2mµ

h
+ max

1≤k≤N

∥∥∥fh
k

∥∥∥
C2mµ

h

]
,

[
N∑

k=1

∥∥∥∥
1
τ
(uh

k − uh
k−1)

∥∥∥∥
p

W 2mµ
p,h

τ

] 1
p

+




N∑

k=1

∥∥∥∥∥
D2

h

(
uh

k + uh
k−1

)

2

∥∥∥∥∥
p

W 2mµ
p,h

τ




1
p

≤ M(µ)


||D2

hϕh||
W 2mµ

p,h
+

[
N∑

k=1

∥∥∥fh
k

∥∥∥
p

W 2mµ
p,h

τ

] 1
p


 , 1 ≤ p < ∞.
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The proof of Theorem 5.19 is based on Theorems 5.4 and 5.14 on a strong positivity of an
elliptic difference operator Ax

h in Banach space C [0, l]h and Lp,h, 1 ≤ p < ∞, and on Theorem
4.13 on coercive stability of difference scheme (26) and on the following theorem on coercive
stability of difference scheme (26).

Theorem 5.20. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following coercive stability inequality holds:

[
N∑

k=1

∥∥∥∥
1
τ
(uk − uk−1)

∥∥∥∥
p

Eµ,p

τ

] 1
p

+

[
N∑

k=1

‖Auk‖p
Eµ,p

τ

] 1
p

≤ M(µ)


||Aϕ||Eµ,p +

[
N∑

k=1

‖fk‖p
Eµ,p

τ

] 1
p


 .

In [17], A. Ashyralyev and N. Yaz investigated the differential operator Ax defined by the
formula

Axu = −a(x)
d2u

dx2
+ δu (32)

with domain

D(Ax) = {u ∈ C(2)[0, l] : u(0) = u(µ), u′(0) = u′(l), l/2 ≤ µ ≤ l}. (33)

Here a(x) is the smooth function defined on the segment [0, l] and a(x) ≥ a > 0.They proved
the following results.

Theorem 5.21. [17] Ax is the strongly positive operator in C [0, l] .

Theorem 5.22. [17] For α ∈ (0, 1
2 ), the norms of the space Eα(C [0, l] , Ax) and the Hölder

space C2α [0, l] are equivalent.

Theorem 5.23. [17] Ax is the strongly positive operator in C2α [0, l] .

Ashyralyev A., Nalbant N. and Sozen Y. considered in [31] the difference operator defined by
formula

Ax
huh =

{
−a(xk)

uk+1 − 2uk + uk−1

h2
+ δuk

}M−1

1

, uh = {uk}M
0 ,Mh = l (34)

with u0 = u`, u1 − u0 = uN − uN−1, where ` =
[µ

h

]
, [·] is the greatest integer function. This

operator is a first order of approximation of the differential operator Ax defined by formula (32)
with domain D(Ax) = {u ∈ C(2)[0, l] : u(0) = u(µ), u′(0) = u′(l), l/2 ≤ µ ≤ l}. They proved the
following results.

Theorem 5.24. [31] Ax
h is the strongly positive operator in Ch.

Theorem 5.25. [31] For α ∈ (0, 1
2 ), the norms of the space Eα(Ch, Ax

h) and the Hölder space
C2α

h are equivalent uniformly in h.

Theorem 5.26. [31] Ax
h is the strongly positive operator in C2α

h .

In the paper [24], the operator defined by formula

Au =

(
a(x)du1(x)

dx + δu1(x) −δu2(x)
0 −a(x)du2(x)

dx + δu2(x)

)
(35)
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with domain

D(A) =
{(

u1(x)
u2(x)

)
: um(x),

dum(x)
dx

∈ C[0, l],m = 1, 2;

u1(0) = γu1(l), βu2(0) = u2(l)}
generated by the hyperbolic system of equations with nonlocal boundary conditions was con-
sidered. Let us introduce the Banach space Cα[0, l] = Cα[0, l] × Cα[0, l] (0 ≤ α ≤ 1) of all

continuous vector functions u =
(

u1(x)
u2(x)

)
defined on [0, l] and satisfying a Hölder condition

for which the following norm is finite

‖u‖Cα[0,l] = ‖u‖C[0,l]

+ sup
x,x+τ∈[0,l]

τ 6=0

|u1(x + τ)− u1(x)|
|τ |α + sup

x,x+τ∈[0,l]
τ 6=0

|u2(x + τ)− u2(x)|
|τ |α .

Here C[0, l] = C[0, l] × C[0, l] is the Banach space of all continuous vector functions u =(
u1(x)
u2(x)

)
defined on [0, l] with norm

‖u‖C[0,l] = max
x∈[0,l]

|u1(x)|+ max
x∈[0,l]

|u2(x)|.

The Green’s matrix function of A was constructed. Moreover, applying Green’s matrix function
of A the following results were proved.

Theorem 5.27. [24] A is the positive operator in C[0, l].

Theorem 5.28. [24] For α ∈ (0, 1
2 ), the norms of the space Eα(C[0, l], A) and the Hölder

space
◦
C

α

[0, l] are equivalent. Here

◦
C

α

[0, l] =
{(

ϕ(x)
ψ(x)

)
∈ Cα[0, l] :

ϕ(0) = γϕ(l), 0 ≤ γ ≤ 1, βψ(0) = ψ(l), 0 ≤ β ≤ 1} .

Theorem 5.29. [24] A is the strongly positive operator in
◦
C

α

[0, l].

In applications, we consider the initial-boundary value problem




∂u(t,x)
∂t + a(x)∂u(t,x)

∂x + δ(u(t, x)− v(t, x)) = f1(t, x),

0 < x < l, 0 < t < T,

∂v(t,x)
∂t − a(x)∂v(t,x)

∂x + δv(t, x) = f2(t, x),

0 < x < l, 0 < t < T,

u(t, 0) = γu(t, l), 0 ≤ γ ≤ 1, βv(t, 0) = v(t, l),

0 ≤ β ≤ 1, 0 ≤ t ≤ T,

u(0, x) = u0(x), v(0, x) = v0(x), 0 ≤ x ≤ l

(36)
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for the hyperbolic system of equations with nonlocal boundary conditions was obtained. Here

a(x) ≥ a > 0, (37)

u0(x), v0(x), (x ∈ [0, l]), f1(t, x), f2(t, x), ((t, x) ∈ [0, T ]× [0, l]) are given smooth functions and
they satisfy every compatibility conditions which guarantees the problem (36) has a smooth
solution u(t, x) and v(t, x).

For A a positive operator in E the following result was established in papers [45]-[40].

Theorem 5.30. [24] Let A be a positive operator in E. Then the following estimate

‖Rk
q,q−1(τA)‖E→E ≤ M, 1 ≤ k ≤ N, Nτ = T (38)

is satisfied, where M does not depend on τ and k. Here Rk
q,q−1(z) is the Pade approximation of

exp(−z) near z = 0.

Putting tk = kτ and passing to limit when τ → 0, we get tk → t and

‖ exp{−tA}‖E→E ≤ M, 0 ≤ t ≤ T. (39)

We introduce the Banach space C ([0, T ], E) of all continuous abstract vector functions u(t) =(
u1(t)
u2(t)

)
defined on [0, T ] with values in E, equipped with the norm

‖u‖C([0,T ],E) = max
0≤t≤T

‖u1(t)‖E + max
0≤t≤T

‖u2(t)‖E .

Note that the problem (36) can be written in the form as the abstract Cauchy problem

d

dt

(
u(t)
v(t)

)
+ A

(
u(t)
v(t)

)
=

(
f1(t)
f2(t)

)
, (40)

0 < t < T,

(
u(0)
v(0)

)
=

(
u0

v0

)

in a Banach space E = C[0, l] with a positive operator A defined by (35) . Here
(

f1(t)
f2(t)

)
=

(
f1(t, x)
f2(t, x)

)
is the given abstract vector function defined on [0, T ] with values in E,

(
u0

v0

)
=

(
u0(x)
v0(x)

)
is the element of D(A).

It is well known that (see, for example [46]) the following formula
(

u(t)
v(t)

)
= exp{−tA}

(
u0

v0

)
+

t∫

0

exp{− (t− s) A}
(

f1(s)
f2(s)

)
ds (41)

gives a solution of problem (40) in C ([0, T ], E) for continuously differentiable on [0, T ] vector

function
(

f1(t)
f2(t)

)
and smooth given element

(
u0

v0

)
.

Theorem 5.31. [24] For the solution of problem (40) the stability inequality holds:
∥∥∥∥
(

u

v

)∥∥∥∥
C([0,T ],E)

≤ M

[∥∥∥∥
(

u0

v0

)∥∥∥∥
E

+
∥∥∥∥
(

f1

f2

)∥∥∥∥
C([0,T ],E)

]
.

The proof of Theorem 5.31 is based on Theorem 5.27 on the positivity of operator A in C[0, l],
on formula (41) and estimate (39) .

Applying results of Theorem 5.30 and Theorem 5.31, we get the following theorem.



A. ASHYRALYEV: A SURVEY OF RESULTS IN THE THEORY OF FRACTIONAL ... 151

Theorem 5.32. [24] The solution of problem(36) satisfies the following estimate

max
t∈[0,T ]

max
x∈[0,l]

|u(t, x)|+ max
t∈[0,T ]

max
x∈[0,l]

|v(t, x)|

≤ M

[
max
x∈[0,l]

|u0(x)|+ max
x∈[0,l]

|v0(x)|+ max
t∈[0,T ]

max
x∈[0,l]

|f1(t, x)|+ max
t∈[0,T ]

max
x∈[0,l]

|f2(t, x)|
]

.

Applying results of Theorems 5.29, 5.30 and 5.31, we get the following theorem.

Theorem 5.33. [24] Assume that

f1(t, 0) = γf1(t, l), 0 ≤ γ ≤ 1, βf2(t, 0) = f2(t, l), 0 ≤ β ≤ 1, t ∈ [0, T ].

Then the solution of problem (5) satisfies the following estimate

max
t∈[0,T ]


 max

x∈[0,l]
|u(t, x)|+ max

x,x+τ∈[0,l]
τ 6=0

|u(t, x + τ)− u(t, x)|
|τ |α




+ max
t∈[0,T ]


 max

x∈[0,l]
|v(t, x)|+ max

x,x+τ∈[0,l]
τ 6=0

|v(t, x + τ)− v(t, x)|
|τ |α




≤ M


 max

x∈[0,l]
|u0(x)|+ max

x,x+τ∈[0,l]
τ 6=0

|u0(x + τ)− u0(x)|
|τ |α

+ max
x∈[0,l]

|v0(x)|+ max
x,x+τ∈[0,l]

τ 6=0

|v0(x + τ)− v0(x)|
|τ |α

+ max
t∈[0,T ]


 max

x∈[0,l]
|f1(t, x)|+ max

x,x+τ∈[0,l]
τ 6=0

|f1(t, x + τ)− f1(t, x)|
|τ |α




+ max
t∈[0,T ]


 max

x∈[0,l]
|f2(t, x)|+ max

x,x+τ∈[0,l]
τ 6=0

|f2(t, x + τ)− f2(t, x)|
|τ |α





 .

In the paper [25], the difference space operator Ax
h defined by the formula

Ax
huh =

(
a(xn)u1,n−u1,n−1

h + δu1,n −δu2,n

0 −a(xn)u1,n+1−u1,n

h + δu2,n

)
(42)

acting on the space of mesh vector functions uh =
{(

u1,n

u2,n−1

)}M

n=1

defined on [0, l]h satisfying

conditions
u1,0 = γu1,M , βu2,0 = u2,M

was investigated. Let us introduce the Banach spaces Cα
h = Cα

h × Cα
h (0 ≤ α ≤ 1) and Ch =

Ch × Ch of all mesh vector functions uh =
{(

u1,n

u2,n−1

)}M

n=1

defined on

[0, l]h = {xn = nh, 0 ≤ n ≤ M, Mh = l}
with following norms ∥∥∥uh

∥∥∥
Cα

h

=
∥∥∥uh

∥∥∥
Ch
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+ sup
1≤n<n+m≤M

|u1,n+m − u1,n|
(mh)α + sup

1≤k<k+m≤M−1

|u2,n+m − u2,n|
(mh)α ,

∥∥∥uh
∥∥∥
Ch

= max
1≤n≤M

|u1,n|+ max
0≤n≤M−1

|u2,n|.
The Green’s matrix function of Ax

h was constructed. Moreover, applying Green’s matrix function
of Ax

h the following results were proved.

Theorem 5.34. [25] Ax
h is the positive operator in Ch.

Theorem 5.35. [25] For α ∈ (0, 1
2 ), the norms of the space Eα(Ch, Ax

h) and the Hölder space
◦
Ch

α

are equivalent. Here
◦
Ch

α

=

{{(
ϕn

ψn−1

)}M

n=1

∈ Cα
h :

ϕ0 = γϕM , 0 ≤ γ ≤ 1, βψ0 = ψM , 0 ≤ β ≤ 1} .

Theorem 5.36. [25] A is the strongly positive operator in
◦
Ch

α

.

In applications, for numerical solution of an initial-boundary value problem (36) the following
difference scheme is presented:




uk
n−uk−1

n

τ + a(xn)
uk

n−uk
n−1

h + δ(uk
n − vk

n) = fk
1,n, fk

1,n = f1(tk, xn),

tk = kτ, xn = nh, 1 ≤ k ≤ N, Nτ = T, 1 ≤ n ≤ M, Mh = l,

vk
n−vk−1

n

τ − a(xn+1)
vk

n+1−vk
n

h + δvk
n = fk

2,n, fk
2,n = f2(tk, xn),

tk = kτ, xn = nh, 1 ≤ k ≤ N, Nτ = T, 0 ≤ n ≤ M − 1,Mh = l,

uk
0 = γuk

M , 0 ≤ γ ≤ 1, βvk
0 = vk

M , 0 ≤ β ≤ 1, 0 ≤ k ≤ N,

u0
n = u0(xn), v0

n = v0(xn), xn = nh, 0 ≤ n ≤ M,Mh = l.

(43)

We introduce the Banach space C ([0, T ]τ , E) of all continuous abstract mesh vector functions

uτ =
{
uk

}N

k=1
=

{(
uk

1,n

uk
2,n

)h
}N

k=1

defined on

[0, T ]τ = {tk = kτ, 1 ≤ k ≤ N, Nτ = T}
with values in E, equipped with the norm

‖uτ‖C([0,T ]τ ,E) = max
1≤k≤N

∥∥∥∥
{

uk
1,n

}M

n=1

∥∥∥∥
E

+ max
1≤k≤N

∥∥∥∥
{

uk
2,n

}M

n=1

∥∥∥∥
E

.

Note that the problem (43) can be written in the form as the abstract Cauchy problem





(
uk−uk−1

τ
vk−vk−1

τ

)h




N

k=1

+ Ax
h

{(
uk

vk

)h
}N

k=1

=

{(
fk
1

f2

)h
}N

k=1

, (44)

1 ≤ k ≤ N,

(
u0

v0

)h

=
(

u0
n

v0
n−1

)M

n=1
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in a Banach space E = Ch with a positive operator Ax
h defined by (42) . Here

{(
fk
1

fk
2

)h
}N

k=1

=

{(
fk
1,n

fk
2,n−1

)M

n=1

}N

k=1

is the given abstract vector function defined on [0, T ]τ with values in E,

(
u0

v0

)
=

(
u0

n

v0
n−1

)M

n=1

is the element of D(Ax
h). It is well known that the following formula

(
uk

vk

)h

= (I + τAx
h)−k

(
u0

v0

)h

+
k∑

j=1

(I + τAx
h)−k+j−1

(
f j
1

f j
2

)h

τ (45)

gives a solution of problem (44) in C ([0, T ]τ , E) .

Theorem 5.37. [25] For the solution of problem (44) the stability inequality holds:
∥∥∥∥∥
{(

uk

vk

)}N

k=1

∥∥∥∥∥
C([0,T ]τ ,E)

≤ M(a, δ)




∥∥∥∥∥
(

u0

v0

)h
∥∥∥∥∥

E

+

∥∥∥∥∥∥

{(
fk
1

fk
2

)h
}N

k=1

∥∥∥∥∥∥
C([0,T ]τ ,E)


 .

The proof of Theorem 5.37 is based on the positivity of operator Ax
h, formula (45) and estimate

(38) . Applying results of Theorem 5.37 and Theorem 5.34 on the positivity of operator Ax
h in

Ch, we get the following theorem

Theorem 5.38. [25] The solution of problem(43) satisfy the following estimate

max
1≤k≤N

max
1≤n≤M

|uk
n|+ max

1≤k≤N
max

0≤n≤M−1
|vk

n|

≤ M(a, δ)
[

max
1≤n≤M

|u0
n|+ max

0≤n≤M−1
|v0

n|+ max
1≤k≤N

max
1≤n≤M

∣∣∣fk
1,n

∣∣∣ + max
1≤k≤N

max
0≤n≤M−1

∣∣∣fk
2,n

∣∣∣
]

.

Applying results of Theorem 5.37 and Theorem 5.36 on the positivity of operator Ax
h in

◦
Ch

α

,

we get the following theorem

Theorem 5.39. [25] Assume that

fk
1,0 = γfk

1,M , 0 ≤ γ ≤ 1, βfk
2,0 = fk

2,M , 0 ≤ β ≤ 1, 1 ≤ k ≤ N.

Then the solution of problem (43) satisfies the following estimate

max
1≤k≤N

(
max

1≤n≤M
|uk

n|+ sup
1≤n<n+m≤N

|uk
n+m − uk

n|
(mτ)α

)

+ max
1≤k≤N

(
max

0≤n≤M−1
|vk

n|+ sup
0≤n<n+m≤M−1

|vk
n+m − vk

n|
(mτ)α

)

≤ M(a, δ, α)

[
max

1≤n≤M
|u0

n|+ sup
1≤n<n+m≤N

|u0
n+m − u0

n|
(mτ)α

+ max
0≤n≤M−1

|v0
n|+ sup

0≤n<n+m≤M−1

|v0
n+m − v0

n|
(mτ)α

+ max
1≤k≤N

(
max

1≤n≤M
|fk

1,n|+ sup
1≤n<n+m≤N

|fk
1,n+m − fk

1,n|
(mτ)α

)
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+ max
1≤k≤N

(
max

0≤n≤M−1
|fk

2,n|+ sup
0≤n<n+m≤M−1

|fk
2,n+m − fk

2,n|
(mτ)α

)]
.

Note that the positivity of difference operators which are a high order of approximation of the
operator with nonlocal boundary conditions is not studied. Nevertheless structure of fractional
spaces generated by these positive operators is not well-investigated.

6. Conclusions

In this study, a survey of results in the theory of fractional spaces generated by positive
differential and difference operators is given. Its scope ranges from theory of differential and
difference operators in a space to operators with local and nonlocal boundary conditions. We
also discuss their applications to partial differential equations and theory of difference schemes
for partial differential equations. This paper does not touch upon the results of papers [20] and
[21] on the structure of fractional spaces generated by the neutron transport differential and
difference operators. In this paper we do not discuss results of papers [26]- [30] on the structure
of fractional spaces generated by the second order positive differential operator with periodic
and Neumann conditions and papers [32], [67] structure of fractional spaces generated by the
differential operator of the first order with the nonlocal boundary condition.
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nonlocal boundary conditions, in: B.I.Cheshankov (ed.) Application of Mathematics in Engineering and

Economics 26, Heron Press-Technical University of Sofia: Sofia, pp.134–137.

[15] Ashyralyev, A., Hanalyev, A., (2014), Well-posedness of nonlocal parabolic differential problems

with dependent operators, The Scientific World Journal Volume, 2014, Article ID 519814, 11 pages

http://dx.doi.org/10.1155/2014/519814.

[16] Ashyralyev, A., Yenial-Altay, N.,(2005), Positivity of difference operators generated by the nonlocal bound-

ary conditions, in H. Akca, A. Boucherif, V. Covahcev (ed.), Dynamical Systems and Applications, GBS

Publishers and Distributors: India, pp.113–135.

[17] Ashyralyev, A., Yaz, N., (2006), On structure of fractional spaces generated by positive operators with the

nonlocal boundary value conditions, in: R.P. Agarwal (ed.) Proceedings of the Conference Differential and

Difference Equations and Applications, Hindawi Publ. Corp.: USA, pp.91-101.

[18] Ashyralyev, A., (2006), Fractional spaces generated by the positive differential and difference operators in
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