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ABSTRACT. This is a review paper on results for fractional spaces generated by positive opera-
tors. Its scope ranges from theory of differential and difference operators in a space to operators
with local and nonlocal boundary conditions. We also discuss their applications to partial
differential equations and theory of difference schemes for partial differential equations.
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1. INTRODUCTION

It is well-known that the positivity of differential and difference operators in Hilbert and
Banach spaces is important in the study of various properties of boundary value problems for
partial differential equations, of stability of difference schemes for partial differential equations,
and of summation Fourier series converging in max norm (see, [11], [56], [12]).

An operator A densely defined in a Banach space E with domain D(A) is called positive in
E, if its spectrum o4 lies in the interior of the sector of angle ¢, 0 < ¢ < 7, symmetric with
respect to the real axis, and moreover on the edges of this sector S (¢) = {pe’? : 0 < p < oo }
and Sy (¢) = {pe~™ : 0 < p < oo}, and outside of the sector the resolvent (A — A)~" is subject
to the bound (see, [11])
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The infimum of all such angles ¢ is called the spectral angle of the positive operator A and is
denoted by ¢(A) = ¢(A, E). The operator A is said to be strongly positive in a Banach space
Eif (A, E) < 3.

Throughout the present paper, we will indicate with M positive constants which can be
different from time to time and we are not interested in precise. We will write M («, 3, --) to
stress the fact that the constant depends only on «, 3, - .

Let us consider the selfadjoint positive definite operator A in a Hilbert space H with dense

domain D(A) = H. That means there exists 6 > 0 such that A = A* > §I. Then, applying the
spectral representation of the selfadjoint positive definite operator, we can get
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Now, we will estimate ﬁ There are two possible case: Rel < % and Re\ > g. In the first

case we have two estimates
n=Alzp—5 =

Y
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= A = /(= 2Red) j+ (A2 = A
Therefore, from these estimates it follows that
1/0
—A>=| = . 2
=Nz 5 (5 + W) 2
In the second case we have the following estimate

1= M = /(= I\ cos 9)? + X sin® o > A sin .
Assume that 0 < € < ¢. Then

sing [0
_ )\ > e
=Nz 555 (5 + 1) ©
for all € < ¢. Applying estimates (1), (2) and (3), we can write
_ M(e)
A-N"1 :
4=y < 12

So, the selfadjoint positive definite operator A in a Hilbert space H is the strongly positive
operator with the spectral angle (A, H) = 0. Therefore, the positivity of operators in a Banach
space is the generalization of the notion of selfadjoint positive definite operators in a Hilbert
space.

The positivity of the wider class of differential operators in Banach spaces has been studied
by K.Yosida, T. Kato, S. Agmon, A. Douglis, L. Nirenberg, A.Friedman, H.B. Stewart, M.Z.
Solomyak, P.E. Sobolevskii and et al (see, [1-4, 57, 63-66]).

In [66], H.B. Stewart proved that uniformly elliptic operator of even order with general bound-
ary conditions generates analytic semigroup in the topology of uniform convergence. As applica-
tion, he gave an existence and uniqueness theorem for parabolic initial-boundary value problems,
by using the Kato-Tanabe theory for temporally inhomogenous evolution equation

ou
E + A(t)u = f

M.Z. Solomyak considered in [64] the equation
{ Au(z) — du(z) = f(x),z € Q,

ng\i’l":O,k:O,l,"',m—l,

where A = o + i7, 2 is a bounded domain with sufficiently smooth boundary I', A is a positive
and self-adjoint (for w satisfying the Dirichlet boundary conditions) with sufficiently smooth
coefficients. He proved the positivity of A in L,(€2).

The positivity of wider class of differential and difference operators and their related appli-
cations have been investigated by many researchers (see, for example, [6-9, 13-31, 33-55, 59-62,
68-70]).

Important progress has been made in the study of positive operators from the view-point of the
stability analysis of high order accuracy difference schemes for partial differential equations. It is
well known that the most useful methods for stability analysis of difference schemes are difference
analogue of maximum principle and energy method. The application of theory of positive
difference operators allows us to investigate the stability and coercive stability properties of
difference schemes in various norms for partial differential equations especially when one can not
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use a maximum principle and energy method. However, the positivity of difference operators is
not well investigated in general. Therefore, the investigation of positivity of difference operators
in Banach spaces and its applications to stability of difference schemes for partial differential
equations is an important subject.

For a positive operator A in the Banach space E, let us introduce the fractional spaces
E,=E.(E,A), Eop=FEy\p(E,A),(0 < a <1) consisting of those v € E for which norms

o]l £, = sup A AN+ A) 1o,
A>0

dA
ol = | [ A+ 0T | 1 <p<o

are finite. Clearly, the positive operator commutes A and its resolvent (A—\)~!. By the definition
of the norm in the fractional space E, = Eo(E,A), Eqp = Eqp(E,A),1 <p<oo,(0<a<l1),
we get

1A =) Ba—Bas (A = N) M By By < NA =N - (4)
Thus, from the positivity of operator A in the Banach space F it follows the positivity of this
operator in fractional spaces By = Eo(E, A), Eqp = Eqp(E,A),1 <p <oo,(0<a<]l).

This paper contains a survey of results for fractional spaces generated by positive differential
and difference operators in Banach spaces. Its scope ranges from theory of differential and
difference operators in a space to operators with local and nonlocal boundary conditions. We
also discuss their applications to partial differential equations and theory of difference schemes
for partial differential equations.

2. FRACTIONAL SPACES GENERATED BY DIFFERENTIAL AND DIFFERENCE OPERATORS IN THE
ENTIRE SPACE R"

Let us consider a differential operator with constant coefficients of the form
olr!
=D by
8 Tn
|r|=2m Tn

acting on functions defined on the entire space R™. Here r € R" is a vector with nonnegative
integer components, |r| = ri+...4+r,. If o (y) (v = (y1, ..., yn) € R™) is an infinitely differentiable
function that decays at infinity together with all its derivatives, then by means of the Fourier
transformation one establishes the equality

F(By) (§) = B(§) F(#) (€)-
Here the Fourier transform operator is defined by the rule
F)(©) = n) ™2 [ e~} e ) dy,
Rn

(¥,8) = 1161 + - + Ynbn
The function B (£) is called the symbol of the operator B and is given by

D b (i)™ . (i)™

|r|=2m
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We will assume that the symbol
BYE) = Y ap(@) (i&)" .. (i€) " €= (€1, &) ER"
|r|=2m
of the differential operator of the form

alrl
B — ()
> a @) 5 gar (5)

|r|=2m 1
acting on functions defined on the space R", satisfies the inequalities

0 < M¢P™ < (=1)™"B*(§) < Mp[¢f™ < o0

for £ # 0.
Then, for sufficiently large positive ¢, an elliptic operator A = B* + 61 is a strongly positive

operator in Banach spaces C(R") and L,(R"),1 < p < oo. Here C(R") is the space of all
continuous functions ¢(z) defined on R™ with the usual norm

HSOHC(R") = sup |¢ (z)],
zeR”
L,(R™) is the space of the all integrable functions ¢(x) defined on R"™ with the norm
P
ol = | [ lo@Pds
€Rn
We will introduce the Banach space C*(R™) (0 < p < 1) of all continuous functions ¢(x) defined
on R” and satisfying a Holder condition for which the following norm is finite:
[Pz +y) — (@)
[l cu@ny = sup |¢ (z)| + sup o :
TER™ z,yeR™ ‘y|
y70

the Banach space W)'(R™) (0 < p < 1) of all integrable functions ¢(z) defined on R"™ and sat-
isfying a Holder condition for which the following norm is finite:

lp(x+y) —p @)
||90HW,§‘(R7L) = / / [P dydx + ||90H1zp(Rn) 1 <p<oo.
zeR™ yeR™

y#0

Theorem 2.1. [69] E,(CH*(R"), A) = C?™F#(R™) for all 0 < 2ma +p < 1,0 < p < 1.

This fact follows from the equality D(A) = C?™+#(R"™) for an 2m-th order elliptic operator
Ain C*(R™),0 < u < 1, via the real interpolation method.

Theorem 2.2. [69] Eq(Ly(R"), A) = Wm(R") for all 0 < 2ma < 1,1 < p < co.

This fact follows from the equality D(A) = Wme (R™) for an 2m-th order elliptic operator A in
L,(R™), 1 < p < oo, via the real interpolation method. The alternative method of investigation
adopted in [11],[12], based on estimates of fundamental solution of the resolvent equation for
the operator A*, allows us to consider also the cases p = 1 and p = oo.

From the strong positivity of an elliptic operator A = B* 4+ §I in Banach spaces C'(R™) and
L,(R"),1 < p < oo and estimate (4) it follows the strong positivity of this operator in Banach
spaces C#(R™) and W2™*(R™).
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In applications, we consider the Cauchy problem for the 2m-th order multidimensional para-
bolic equation

Ir|
(G X @)t g + dult 2) = f(t,),

[r|=2m

0<t<T, z,r eR"|r| =114+ 1y, (©)

u(0,z) = ¢(z),z € R",
where a,(x) and f(t,x), ¢(x) are given sufficiently smooth functions and § > 0 is the sufficiently
large number.The problem (6) has a unique smooth solution. This allows us to reduce the
problem (6) to the abstract Cauchy problem
du(t)
dt
in a Banach space £ = C*(R") with a strongly positive operator A = B* + 61 defined by (5).

+ Au(t) = f(t),0 <t <T,u(0) =¢ (7)

Theorem 2.3. [11],[55] Let 0 < 2mu < 1. Then, for the solution of the Cauchy problem (6) the
following coercivity inequalities are satisfied:

ou n O"lu
max || —- max ||~
alrly
< M(p) | max || fllcemueny + D ||5om—rr )
0<t<T irl=am Oyt ... Oy c2mu(Rn)
1 T 5
P P P
olly,
oy T 2 a5 at
(R™) rl=2m \{ 1 "l (e
1
D p
ol
/Ilfll 2 /| dt) | 1<p <o
W"L‘u' Rn a.r1°  a..Tn ’
) |r| 2m oy’ O Wy (R

The proof of Theorem 2.3 is based on Theorem 2.1 and Theorem 2.2 on the structure of
fractional spaces E,(C*(R"™), A) and Eq, ,(Ly(R™), A), on the strongly positivity of the operator
A in CH(R™) and W} (R™), on following theorems on coercive stability of elliptic problem and
the abstract Cauchy problem for the abstract parabolic equation (7).

Theorem 2.4. [11],[55] Let 0 < 2mu < 1. Then, for the solution of elliptic problem

olrly N
> ar(ﬂﬂ)m + ov(z)= g(z), z€ R (8)

|r|=2m
the following coercive inequalities hold:

Alrly

axgl._.ax:{z < M(/‘)HQ”CQTW(R")a

C2mp (Rn)

|r|=2m

olrly
otz < M(:u’)HgHWZ?m“(Rn)? I <p<oo.

Wy (R)

|r|=2m
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Theorem 2.5. [58], [48], [49] Let A be a strongly positive operator in a Banach space E. Then,
for the solution of the abstract Cauchy problem (7) the following coercive inequalities hold:

max | f(t) 2, |

!/ < o
g [0z + oo 40O, < M [IA¢le, + oy g

0<t<T
P

T % T
/Hu’(t)Hz];mp dt | + /||Au(t)H%mp dt
0 0

T
M
< - p
T [ P reerd WAL
0

In this paper we do not discuss results on the well-posedness in Holder spaces in ¢ of the local
and nonlocal boundary-value problems for parabolic equations, for which the reader is referred
to the papers [10-12, 15].

In [50]-[54], Yu. A. Simirnitskii and P.E. Sobolevskii considered the difference operator Ay,
which is an elliptic difference operator of an arbitrary high order of accuracy approximating the
multidimensional elliptic operator A = B* 4 §1. Let us define the grid space R} (0 < h < hg) as
the set of all points of the Euclidean space R"™ whose coordinates are given by

Tk = Skh, sp=0,41,42,---, k=1, -, n.

The number A is called the step of the grid space. A function defined on R} will be called a grid
function. To the differential operator B with constant coefficients of the form

grittrn
B = by ———————,
Z "9 - Orn
[r|=2m Ty Tn
we assign the difference operator
Bi=h" Y dATLAR - AAY, (9)
2m<|s|<S

which acts on functions defined on the entire space R}}. Here s € R?" is a vector with nonnegative
integer coordinates,

Apef" (@) = % (" (v £ exh) = £ (@) .
and ey, is the unit vector of the axis xy.
An infinitely differentiable function of the continuous argument y € R™ that is continuous and

bounded together with all its derivatives is said to be smooth. Let ¢ (y) be a smooth function
on R™. Using the Taylor expansion of ¢ (y), one can show that

0
1A -
h™ Aty () 8yk<'0 (z)

sup
TRy

< M () h.

Here the grid function ¢ (x) and %gp(m) are the traces of the functions ¢ (y) and %gp (y),
4 Y

respectively. The last inequality means that the difference operator h™'A.y is a first-order
2]
Ay,
We say that the difference operator By, is a A-th order (A > 0) approximation of the differential
operator B¥ if the inequality

approximation for the differential operator

sup |Bip (z) = B¢ (a)| < M (p) b
TELy
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holds for any smooth function ¢ (y). We shall assume that the operator B} approximates the
differential operator B* with any prescribed order.

A function of a continuous [resp., discrete] argument that decays at infinity faster than any
negative power of |y| [resp., |z|] is said to be rapidly decreasing. Let us define the Fourier
transform of a grid function f (x) by the formula

FE=0m™ > exp{—i(z,8} [ (x)h", ¢ € R™ (10)

TERy

This formula defines a 2rh™!-periodic smooth function of the continuous argument ¢ whenever
f" () is a rapidly decreasing grid function. In this last case (10) is just Fourier series expansion
of the function f (¢) and the numbers f" (z) are the Fourier coefficients, given by the formula

frw=[ e enli@o) i ©da- de (1)
|€1|<mh—1 |&n|<mh =1

The inverse Fourier transform of a 2mh ™! periodic function ¢ (¢) is defined to be the grid function

¢" (z) given by the formula

zh = exn i (x .
Fw=f p{i (2,6} 0 () dés - de (12)

|én|<mh—1

Formulas (11) and (12) establish a one-to-one correspondence between rapidly decreasing grid
functions of a continuous argument. In particular, if f* (z) is a rapidly decreasing grid function,
then

—h

7] @ =" @)
If f () is a rapidly decreasing grid function, then the grid function B} f I (2) exists and is given
by (10) and we have the equality

Brf (€) = B (¢h,h) f(€).

The function B (£h,h) is obtained by replacing the operator Agi in the right-hand side of
equality (9) with the expression =+ (exp {xiih} — 1), respectively and is called the symbol of
the difference operator. Since exp {+i£,h} is bounded analytic 27rh~!periodic function, the
symbol B (£h, h) is a bounded analytic 2rh~!-periodic function. It follows that for large |¢| one
has the estimate

B (¢, h)| < M () [ 1€1° = & + .. + &l
Let us give the difference operator A7 by the formula
Arul(z) = Z a*Diul(x) 4 du”(z). (13)
2m<|r|<S

The coefficients are chosen in such a way that the operator A7 approximates in a specified way
the operator

olrl
[r|=2m
We shall assume that for [{yh| < 7 and fixed = the symbol A%(&h, h) of the operator A} — 6
satisfies the inequalities

™

(—1)™A(Eh, h) > My|€]™, |arg A”(Eh, h)| < ¢ < o <

[\
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We will introduce the space C = C (R}), 0 < 8 < 1 of all bounded grid functions u"(z) defined
on R}, equipped with the norm

)

h h
u(z) —u(y
s = [, + sup D=0
h x,yeR} T #y |$ - y‘
where Cj, = C(R}) denotes the Banach space of bounded grid functions u”(x) defined on R,
equipped with the norm

h h
[u*{lc;, = sup [u”(2)].
zeRy

Next, we will introduce the space Wpﬁ n= Wpﬁ (R}),0< 8<1,1<p< oo of all bounded grid
functions u”(z) defined on R?, equipped with the norm

Sl

h h
h u(z) —u™(z +y)I" o h
Iy, =2 2e e I
' zeR} ye R ,y#0

Here L, = L,(R?) denotes the Banach space of bounded grid functions u”(z) defined on R,
equipped with the norm

1

v

h h
1"z, = | D W @)Ph"
e Ry

Theorem 2.6. [54] An elliptic difference operator Ay = By + 0l is the strongly positive
operator in Banach spaces Cp, and Ly p,1 < p < oo.

Theorem 2.7. [11], [34] Eo(Ch, AY) = C3™ for all 0 < 2ma < 1.
This fact follows from the equality D(A}) = Cim-i-u for an 2m-th order elliptic difference
operator A} in C,’f, 0 < p < 1, via the real interpolation method.

Theorem 2.8. [11], [34] Eqp(Lpn, A7) = WpQ”;LW for all 0 < 2ma < 1,1 <p < oc.

This fact follows from the equality D(A}) = Wg%ﬂ for an 2m-th order elliptic difference
operator Ay in L, 5, 1 < p < oo, via the real interpolation method. The alternative method of
investigation adopted in [11], [12], based on estimates of fundamental solution of the resolvent
equation for the elliptic difference operator A3, allows us to consider also the cases p = 1 and
P = o0.

From the strong positivity of an elliptic operator A7 = B7 + 0l in Banach spaces C} and
Lyn,1 < p < oo and estimate (4) it follows the strong positivity of this operator in Banach
spaces C}' and Wg’f"‘.

In applications, we consider the implicit Rothe difference scheme for the approximate solution
of Cauchy problem (6). The discretization of problem (6) is carried out in two steps. In the first
step let us give the difference operator Ay by the formula (13). With the help of A} we arrive
at the initial value problem

dul(t, )
dt
for an infinite system of ordinary differential equations.

In the second step we replace problem (14) by the implicit Rothe difference scheme

T (Wi (@) —ui_y (@) + Afu(2) = f(2), fil(2) = f*(t, @), t = kT, 1 <k <N,

T

+ ATl (t, ) = Pt 2),0 < t < T, u™0,2) = ¢"(2),x € RY, (14)

(15)
N7 =T, ub(z) = o"(z), z € R
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Theorem 2.9. [34] The solution of difference schemes (15) satisfies the following stability es-
timates:
ch] ’

},1§p<oo.
p,h

<M ’ I
e, + max, |7

max Huﬁ‘
1<k<N Ch

max |[uf|
1<k<N

h h
S 1

Ly

The proof of Theorem 2.9 is based on Theorem 2.6 on a strong positivity of an elliptic difference
operator A} = By +61;, in Banach spaces Cj, and Ly, ,1 < p < oo and on the following abstract
theorem on the stability of the difference scheme

1
- (up — up—1) + Aug, = fi, fr = f(tr), tk = k1,1 <k < N,N7 =T, up = ¢ (16)
for the approximate solution of the abstract Cauchy problem (7).

Theorem 2.10. [34] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following stability inequality holds:

<M .
max[lukll [II@IIE + 1g}3<XN||fk|E]

Theorem 2.11. [34] The solution of difference scheme (15) satisfies the following almost coer-
cive stability estimates:

Low o
ma; —(up —u ma, Diu )
12REN 7-( Y o +1§k;§XN H ke,
h |r|=2m
<My 3 D lle, +n— max |k
= h h T+h1<k<N Fle, |
|r|=2m
max 1(uZ—uZ 1) + max HDhuk)
1<k<N || T i) 1<k<N Ly
p.h |r|=2m ’
<M |m= S (D, +1n x|t 1<p<
n— 00.
< h Y Ly n T+h1<k<N k Lon LS P

|r|=2m

The proof of Theorem 2.11 is based on Theorem 2.6 on a strong positivity of an elliptic
difference operator A} = By + I, in Banach spaces C}, and L,;,1 < p < oo and on the
estimate

T+h
and on the following theorems on almost coercive stability of the elliptic difference equation and

1
min{ln,l + ’lnH Ap e, —c, } < MIn
T )

on almost coercive stability of difference scheme (16).
Theorem 2.12. [35] For the solution of elliptic difference problem
Z a®*Diul(z) + ou(z)= g (x), z€ R} (17)

2m<|r|<S
the following almost coercive stability inequalities hold:

1
|Dit| < Mg e,
Ch h
2m<|r|<S
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1<p <o

p,h’

1
||, < arm g
2m<|r|<S nh

Theorem 2.13. [60], Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following almost coercive stability inequality holds:

1
— — U A
(up —ug—1)|| + IE}CEZXN | Aug|

max
1<k<N

. 1
< 01 gl + min {14 oAl | s 17l

Theorem 2.14. [60] Let 0 < 2mp < 1. Then, the solution of difference scheme (15) satisfies
the following coercive stability estimates:

1
h_ . h
max ||—(up — uj_ 4+ max HDU)
1§k‘SN 7_( k k 1) CQmﬂ 1S]€§N h%k CQnLu
h [r|=2m
< M) | Y2 1D o + max | £ |
h 1<k<N cym
[r|=2m
N v N »
1 P ? P
h r.h
[E ;(uk —up_1) S > D :HDh“kH 2mp
k=1 W, |r|=2m k=1

The proof of Theorem 2.14 is based on Theorem 2.6 on a strong positivity of an elliptic
difference operator A} = Bf + 0l in Banach spaces C}, and L,;,1 < p < oo and on the
following theorems on coercive stability of the elliptic difference equation (17) and on coercive
stability of difference scheme (16).

Theorem 2.15. [35] Let 0 < 2mpu < 1. Then, for the solution of elliptic difference equation
(17) the following coercive stability inequalities hold:
|2t
2m<|r|<S

> ||| < MGG 21 < 1 < 0.
wETH p;h
2m<|r|<S p.h

h
i < MO ez

Theorem 2.16. [60] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (16) the following coercive stability inequalities hold:

L )
max — (U — Up—
1<k<N || T k k-1 B

A
+ max || Aul g,

< M) [HAmEM e 2l |

N
[Z (wr — ug— 1)

k=

Eup

1
ZnAukuEw ]
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< M(p) |l|A¢llE,, +

ZufkuEw ]

Note that the positivity of differential and difference operators in the space and structure of

fractional spaces generated by these positive operators were well investigated. We have given
only simple applications of these results to well-posedness of partial differential and difference
equations. For more details see [11] and [12].

3. POSITIVE OPERATORS IN THE HALF-SPACE. FRACTIONAL SPACES GENERATED BY
DIFFERENTIAL AND DIFFERENCE OPERATORS IN THE HALF-SPACE

In [41]-[44], S.I. Danelich considered the difference elliptic operator A7 which is an arbitrary
high order of accuracy approximating the multi dimensional elliptic operator A* defined by

3\ |
A = (—1)"a(2) 55 + > a(a +61
Tnt1 |r]=2m a$

with the domain

. *Mu ( +1,SU) a‘rlu(mnﬂ-l’x)

D(A") = {U € O(RT xR"),|r| =r1 + ... + 1, = 2m,

8xn+1 D Oxt - Oyt
m—1
u(O,x)zO,M:O,-" 787(0@_0 z € R",RT = [0, 00).
axn—i-l aan

Here, a(z) is a smooth function defined on R™ with a(x) > a > 0. She proved the strong
positivity of A7 in the Banach space Cj, = C(R;} x R}) (difference analogue of C(RT x R")) for
sufficiently large positive . Passing to limit when h — 0, we can get the strong positivity of
differential operator A* in the Banach space C'(R* x R™).

In [22], the two-dimensional elliptic differential operator A*with dependent coefficients on the
half-space RT x R!

A%u(z) = —a11(2) gz, () — a22(2)Uge, () + ou(z), 2 = (21, 29) € RT x R (18)

with the domain

0? 0?
D(AT) = {u ur) TUD ¢ ot x RY, u0,a) = 0,22 € Rl.}
Ox] Ox?
Here, the coefficients a;;(x), ¢ = 1,2 are continuously differentiable and satisfy the uniform
ellipticity
a3y (z) + a3y(z) > 0 > 0, (19)

and o > 0.
The Green function of differential operator A* defined by (18) was constructed. Moreover,
applying Green’s function of A® the following results were proved.

Theorem 3.1. [22] A* is the positive operator in the Banach space C (RT x R) of all continuous
bounded functions ¢(x) defined on RT x R with the norm

lellomexry = sup o).
z€RT xR
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Theorem 3.2. [22] A is the strongly positive operator in the space C° (Rt x R). Here CP(R* x
R) be the Holder space of all continuous bounded functions ¢ defined on Rt x R satisfying a
Hélder condition with the indicator 3 € (0,1) with the norm
|f (x) = f (@)]
1 llcemsxry = I f lo@+xry + sup 3
z,2’ € Rt x R, |z — 2|
x#a
Theorem 3.3. [22] Suppose 3, 2a+3 € (0,1). Then, the norms of the spaces E,(A, CP(RT xR))

and C**TB(R*T x R) are equivalent.
In applications, we will consider the boundary value problem for the elliptic equation

2 2 2
_Qultw) ggg,x) — (111(51:)7a gi%’x) — ag(x) 97ult,z) g%’z) + ou(t, x)

= f(t,z), 0<t<T, x € Rt xR,
(20)

u(0,2) = ¢(x), u(T,x) = P(x), v € Rt x R,

[ u(t,0,22) =0, 0<t <T, w2 e RL

Here, a11(x), ax(z), p(z), and f(t,z) are sufficiently smooth functions. Assume that the as-
sumption of the uniform ellipticity holds.

Theorem 3.4. [22] For the solution of boundary value problem (20), we have the following
estimate

[uet]l o (c2at8 @+ xr)) T [Uzrzn |o(2048 @+ xR)) T [ Uzszs lo(20+8 @ xR))
< M(e, 8) |€.,0, lc2et8@t xR) + P22 | 0204 8R4 xR) T 1¥2)2, 02048 @ xR)

H|Yzws [l c2etsmt xRy + 1 fllo(c2008 R+ xR)) | -

The proof of Theorem 3.4 is based on Theorem 3.3 on the structure of the fractional spaces
E,(A® CB(RT x R)), Theorem 3.2 on the positivity of the operator A%, on the following theo-
rems on coercive stability of elliptic problems, nonlocal boundary value for the abstract elliptic
equation and on the structure of the fractional space E!, = Ea(Al/ 2 E) which is the Banach
space consists of those v € E for which the norm

A2 (x4 a2)

+lolle

0], = supA®
A>0 E

is finite.

Theorem 3.5. [22] Under assumption (19) for the solution of elliptic problem
2 2
an(x)agT(gx)—{—agg(:L‘)agT(gm —ou(x) = g(z), z€ RT xR,
u(0,29) = 0, z2€R!
the following coercive inequality holds
o
Ox?

o
ox2

.

< M(p)lgllon @+ xr)-

CH(R*xR) CH(R+xR)
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The proof of Theorem 3.5 uses the techniques introduced in [12] and it is based on estimates
for the Green’s function of operator A* defined by (18).

Theorem 3.6. [33] The spaces Eo(A, E) and Eb (AY2,E) coincide for any 0 < a < 3. and
their norms are equivalent.

Theorem 3.7. [38] Let A be positive operator in a Banach space E and f € C([0,T], E.)
(0 < < 1). Then, for the solution of the nonlocal boundary value problem

—u(t) + Au(t) = f(t), 0<t < T,

u(0) =, u(T) =

i a Banach space E with positive operator A the coercive inequality

1"l o.11,2) + 1 Aulleqo,m), 22

M
<M ||| Apl g, + [[AY] &, + m”f”C([o,T},E;)
holds.
Note that the positivity of differential and difference operators in the half-space and the

structure of fractional spaces generated by these positive operators were well investigated. For
more details see [5], [23] and [43].

4. POSITIVE DIFFERENTIAL AND DIFFERENCE OPERATORS WITH LOCAL BOUNDARY
CONDITIONS

In [6-8], Kh. A. Alibekov and P.E. Sobolevskii considered the simple difference operator Ay
which is an elliptic difference operator of second order of accuracy approximating the simple
multidimensional elliptic differential operator A defined by

" 2u X
Au=->" ar<m>38x<2 ) (21)

r=1
acting on functions € satisfying the condition © = 0 on S, where (2 C R" is the open unit cube
with boundary S. They proved the strong positivity of A7 in the Banach spaces L,(Q),) and
C(Qy) (difference analogue of L,(Q) and C(Q)). Passing to limit when h — 0, we can get the

strong positivity of differential operator A* in Banach spaces L,(§2) and C(€2). At first time in
[6], P.E. Sobolevskii proved the strong positivity of A7 in difference analogue of Holder spaces
C’gl (©2) with weight on boundary.
We consider the differential operator A* defined by the formula
2

A*u = —a(a:)% + du (22)
with domain D(A”) = {u € CP0,]]:u(0)=u(l) = 0} . Let a(z) be the smooth function de-
fined on the segment [0,!] and a(x) > a > 0.The pointwise estimates for the Green function of
differential operator A* defined by (22) were obtained. Moreover, applying these estimates of

Green’s function of A” the following results were proved.

Theorem 4.1. [12] A* s the positive operator in the Banach space C[0,1] of all continuous
functions @(x) defined on [0,1] with the norm

H‘PHc[O,l] = agl[aoﬁ} lp(@)].
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Let C80,1] be the Hélder space of all continuous functions p(x) defined on [0,1] satisfying a
Hélder condition with the indicator 3 € (0,1) with the norm

|f (=) = f ()]
Ifllespg = 1l + sup YR
xz,x’ €10,1], |z — 2’|
x#a
Theorem 4.2. [12] For pu € (0,5, the norms of the space E,(C[0,1],A%) and the Hilder
L 2u . 2u
spaceC [0,1] are equivalent. Here C 0,1] = {¢(x) ) € C?0,1],¢(0) = (l) =0} .

.20
Theorem 4.3. [12] A* is the strongly positive operator in C' [0,1] for p € (0, %)

In applications, we consider the initial-boundary value problem for the parabolic equation

O ()% 4 Su(t, ) = f(t,2),0 <t <T, x € (0,1,
w(t,0) = u(t,]) =0,0< t < T, (23)
u(0,z) = p(z),z € [0,1],

where a(z) and f(t,x), ¢(x) are given sufficiently smooth functions and § > 0 is the sufficiently
large number. The problem (23) has a unique smooth solution. This allows us to reduce the
problem (23) to the abstract Cauchy problem (6) in a Banach space E = C* [0,1] with a strongly
positive operator A* defined by (22).

Theorem 4.4. [12] Let 0 < 2mu < 1. Then, for the solution of problem (23) the following
coercivity inequality is satisfied:

omax [ur ()] 2m oy T oms lu(®)]] 22 ol

< M mu . mu
< M) | s I e A N2l 2o

The proof of Theorem 4.4 is based on Theorem 4.2 on the structure of the fractlonal spaces

E,(C*0,1],A"), on Theorem 4.3 on the strongly positivity of the operator A* in C [0,1] and
on Theorem 2.5 on coercive stability of the abstract Cauchy problem for the abstract parabolic
equation (7).

In [39], M. A. Bazarov considered a second order of approximation of the differential operator
A? defined by formula (22) difference operator A} defined by formula

U — 2up +u M-1
Afyh = {—a(:nk) s h2k bl +5uk} ol = {w Y Mh =1
1

with ug = ups = 0. He proved the following results.

Theorem 4.5. [39] Ay s the strongly positive operator in the space Cy, = C'[0,1];, of all mesh
functions " (x) = {px}d! defined on [0, l]h with the norm

0<k<M |90k’

Let C’g = CP10,1],, be the Hilder space of all mesh functions ¢"(z) = {px})! defined on [0,1],
satisfying a Hélder condition with the indicator B € (0,1) with the norm

‘SOkJrn (Pk‘
0<k<ktn<M  (nh)?
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. 2n
Theorem 4.6. [39] For yu € (0, ), the norms of the space E, (Cy, A¥) and the Hilder spaceC),
. 2u
are equivalent uniformly in h. Here C, = {gph(ac) pl(z) € Ci“, o = QPpM = 0} .
. 2u
Theorem 4.7. [39] A* is the strongly positive operator in Cy  for u € (0, %)

In applications, we consider the Crank-Nicholson difference scheme for the approximate solu-
tion of problem (23). The discretization of problem (23) is carried out in two steps. In the first
step let us give the difference operator Aj by formula (22). With the help of A} we arrive at
the initial value problem

dul(t, x)
dt
for an infinite system of ordinary differential equations.

In the second step we replace problem (24) by the Crank-Nicholson difference scheme

Lup(e) —up_y (@) + 3 A7 [up(z) +up_y ()] = f(2),

+ AFul(t,x) = fi(t,x),0 < t < T,u(0,2) = " (2),2 €0,1],,, (24)

(@) = fM(tr — §,2),tpy = k1,1 <k <N, (25)

N7 =T, uj(z) = ¢"(x), x € [0,1],.
Theorem 4.8. [11] The solution of difference scheme (25) satisfies the following stability esti-

mate:
Cﬁ]

The proof of Theorem 4.8 is based on Theorem 4.5 on a strong positivity of difference operator

s o
1<k<N

< MG |ll! |
o M09 ey + s, [

A7 in the Banach space C}’l‘ and on the following abstract theorem on stability of the difference
scheme
 (up — up—1) + 5 A [ug + up—1] = fr,
(26)
fk = f(tk — %),tk = kT,l < k < N,NT:T,UO =Y
for the approximate solution of the abstract Cauchy problem (7).

Theorem 4.9. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following stability inequality holds:

<M .
(maxlunllg, < M) [IIs@IIEu + 1g}fng||fkllEJ

Theorem 4.10. [11] The solution of difference scheme (26) satisfies the following almost coercive
stability estimate:

Low
éf}%XN T(Uk —up_1)

Ch

< 1 [IID3e e, +

h
Ch

T+h 12};‘1ng ka ‘

The proof of Theorem 4.10 is based on Theorem 4.5 on a strong positivity of an elliptic
difference operator A7 in the Banach space C'[0,1], and on the estimate

[ .
mln{lnT, 1+ ‘m I 43 llo, —c, (27)

< M1
}_ nT—I—h
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and on the following theorem on almost coercive stability of difference scheme (26).

Theorem 4.11. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following almost coercive stability inequality holds:

1

;(ukz — Up—1)

Uk + Ug—1
2

A

max
1<k<N

+ max
g 1<kSN

E

. 1
< 01 gl -+ min {1 21+ Al b s 5l

Theorem 4.12. [11] Let 0 < 2mu < 1. Then, the solution of difference scheme (26) satisfies
the following coercive stability estimate:

1 D? (uf +uf_
max || =(uf —ul ) + max b (v + i)
1<k<N || T cm 1<k<N 2 c2mn
h
h h
< M) @\D,%so gz + max || 1] CW] -
SRS R

The proof of Theorem 4.12 is based on Theorem 4.5 on a strong positivity of an elliptic
difference operator A7 in the Banach space C} and on the following theorem on coercive
stability of difference scheme (26).

Theorem 4.13. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following coercive stability inequality holds:

1

;(Uk — up_) Uk + Uk—1

2

A

+ max
B 1<k<N
i

max
1<k<N

Ep

< 010 [14¢lle, + s 1l |

Note that the positivity of difference operators which are a high order of approximation of
the operator defined by formula (21) is not studied. Nevertheless structure of fractional spaces
generated by these positive operators is not well-investigated.

5. POSITIVE DIFFERENTIAL AND DIFFERENCE OPERATORS WITH NONLOCAL BOUNDARY
CONDITIONS

Finally, we should mention that the positivity of difference operators with nonlocal conditions
is investigated only in one-dimensional case. In [19], A. Ashyralyev, I. Karakaya considered the
differential operator A* defined by the formula

2
A%y = —a(x)% + ou (28)
with domain D(A®) = {ue C?[0,]] :u(0) =u(l), (0)=u'(I)}. Let a(z) be the smooth

function defined on the segment [0,!] and a(x) > a > 0.
Theorem 5.1. A* s the strongly positive operator in C[0,1].

Theorem 5.2. For a € (0, ), the norms of the space Eo(C[0,1], A%) and the Hélder space
C%00,1] are equivalent.

Theorem 5.3. A® is the strongly positive operator in C?*0,1].
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In [13]-[14], A. Ashyralyev and B. Kendirli considered the difference operator Aj defined by
formula

z h U1 — 2up + Ug—1 M=t M
AFul = 3 —a(xy) 72 + dug » u' =A{ur}g', Mh =1 (29)
1

with ug = ups, w1 — ug = ups — ups—1. This operator is a first order of approximation of the
differential operator A” defined by formula (28). They proved the following results.

Theorem 5.4. [13] A} is the strongly positive operator in C,.

Theorem 5.5. [14] For a € (0, ), the norms of the space Eo(Ch, AF) and the Hélder space
C’,QLO‘ are equivalent.

Theorem 5.6. [14] A7 s the strongly positive operator in C3%.

A. Ashyralyev and N. Yenial-Altay considered in [16] the difference operator defined by for-
mula

z h U1 — 2up + Ug—1 M= M
Aju" = < —a(xg) 2 + duy, y u' =A{urty’, Mh =1 (30)
1

with ug = upr, —ug + 4ug — 3ug = upr—o — 4upr—1 + 3ups. This operator is a second order of
approximation of the differential operator A® defined by formula (28). They proved the following
results.

Theorem 5.7. [16] A7 is the strongly positive operator in Ch,.

Theorem 5.8. [16] For o € (0, 1), the norms of the space Eo(Ch, AY) and the Hélder space
C,%a are equivalent.

Theorem 5.9. [16] A7 s the strongly positive operator in C3%.

A. Ashyralyev considered in [18] the differential operator defined by (28) and difference op-
erator A} which is a second order approximation of A” and defined by formula (30). He proved
the following results.

Theorem 5.10. [18] A” s the strongly positive operator in the space L, [0,1] ,1 < p < oo of
the all integrable functions p(x) defined on [0,1] with the norm
P

el 0 = /ﬁo )W dz

Theorem 5.11. [18] E,p(Ly [0,1], A%) = W3 [0,1] for all 0 < 200 < 1,1 < p < oo. Here,
W} 10,11 (0 < p < 1) is the Banach space of all integrable functions o(x) defined on [0,1] and
satisfying a Holder condition for which the following norm is finite:

H‘PHW”OI

/ (oo +3)— o (@)

p
|y‘1+up dydz + H(p”LP[O,l] , 1 <p<oo.
0

This fact follows from the equality D(A*) = WI? [0,!] for a second order differential operator
A% in L,[0,1], 1 < p < oo, via the real interpolation method. The alternative method of
investigation adopted in [11], [12], based on estimates of fundamental solution of the resolvent
equation for the operator A*, allows us to consider also the cases p = 1 and p = cc.



146 TWMS J. PURE APPL. MATH., V.6, N.2, 2015

Theorem 5.12. [18] A* is the strongly positive operator in the space Wgo‘ [0,1] for all0 < 2a0 <
1,1 <p< oo

In applications, we consider the initial-boundary value problem for the parabolic equation
%—a( )8332 +ou(t,z) = f(t,z),0 <t <T, x €(0,1),
u(t,0) = u(t, 1), uz(t,0) = uy(t,1),0 <t <T, (31)
u(0,z) = ¢(x),z € [0,1],
where a(x) and f(t,z), ¢(x) are given sufficiently smooth functions and § > 0 is the sufficiently
large number.The problem (31) has a unique smooth solution. This allows us to reduce the

problem (31) to the abstract Cauchy problem (6) in Banach spaces E = C*[0,1] and L, [0,],
1 < p < oo with a strongly positive operator A* defined by (28).

Theorem 5.13. [12] Let 0 < 2mpu < 1. Then, for the solution of problem (31) the following
coercivity inequalities are satisfied:

o [[ue(t) | cameqo + 10ax [[ut)llezsemgog

SZWOO[HMXHﬂkaoz+M¢hymeM}

0<t<T
T v
/wmmmew /ml 1 s
0
T z
/”f”l‘;[/gmu[o,l] dt /”S0||p 2mu[0l 71 S p < Q.
0

The proof of Theorem 5.13 is based on Theorems 5.2 and 5.11 on the structure of the frac-
tional spaces E,(C*" [0,1],A”) and E, (L, [0,1], A¥), on Theorems 5.3 and 5.12 on the strongly
positivity of the operator A% in C*[0,1] and W2"*[0,1], on Theorem 2.5 on coercive stability
of the abstract Cauchy problem for the abstract parabolic equation (7).

Theorem 5.14. [18] A} is the strongly positive operator in the space L, = Ly ,1 < p < 00
of mesh functions p"(z) defined on [0,1], with the norm

| > et

:EG[O,l]h
Theorem 5.15. [18] E, p(Lpn, A7) = Wﬁ‘;‘l for all 0 < 2a < 1,1 < p < 0. Here, W:h =
W} 0,1],, (0 < u < 1) is the Banach space of all mesh functions ©"(z) defined on [0,1], with the
norm:

3=

, 1 <p<oo.

Mo ty) — " (@)
nghHW“ - Z Z 14+up h?

p.h z€[0,1] y€[0,1]1, |yl
y#0
This fact follows from the equality D(A}) = W;h for a second order differential operator A
in Lyp, 1 < p < oo, via the real interpolation method. The alternative method of investigation
adopted in [11], [12], based on estimates of fundamental solution of the resolvent equation for
the operator AT, allows us to consider also the cases p =1 and p = oco.
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Theorem 5.16. [18] A} is the strongly positive operator in the space Wpr}Xz for all 0 < 2a <
1,1 <p< oo

In applications, we consider the Crank-Nicholson difference scheme for the approximate solu-
tion of problem (28). The discretization of problem (28) is carried out in two steps. In the first
step let us give the difference operator A} by formula (30). With the help of A} we arrive at the
initial value problem (24). In the second step we replace problem (24) by the Crank-Nicholson
difference scheme (26).

Theorem 5.17. [11] The solution of difference scheme (25) satisfies the following stability
estimates:
«

h h
<M ) H , 1 <p<oo.
1%2XNH“’€Hw;h = M) [Hcp HW” +1I<I}~c&<XN it W, =P=ee

s [

1<k<N

<M H I
< M) [l + o[

o
Ch

The proof of Theorem 5.17 is based on Theorems 5.6 and 5.16 on a strong positivity of
difference operator A} in Banach space C* [0,[], and W:h forall 0 < p < 1,1 < p < 00, on
Theorem 4.9 on stability of the difference scheme (26).

Theorem 5.18. [11] The solution of difference scheme (25) satisfies the following almost coer-
cive stability estimates:

1 D? (uf +ul
max ||—(uf —u} || + max b (e + i)
1<k<N || T c, ISk<N 2 o
h
D? In max H h‘
< o1 (I3l + 1o o 2] |
1 D? (uf +ul
max || =(uf —ul ) + max b (v + i)
1<k<N || T Lpn 1<k<N 2 .
: o

< M [P +1n iR
p

,1<p<oo.
T+h1<k<N‘ ,h] =P

The proof of Theorem 5.18 is based on Theorems 5.4 and 5.14 on a strong positivity of an
elliptic difference operator A7 in Banach space C'[0,1], and L, ;,1 < p < 0o, on estimate (27)
and on Theorem 4.11 on almost coercive stability of difference scheme (26).

Theorem 5.19. [11] Let 0 < 2mp < 1. Then, the solution of difference scheme (25) satisfies
the following coercive stability estimates:

1 h Djy (up + i)

h
max ||—(up. — U _ 4+ max
1<k<N 7'( b~ UE-1) c2mu - 1<k<N 2 -
h Ch
<M D? m max H h‘
< G0 [IDR g+ s [82] o]

1 1
al ! al Dj ( uk+uk 1) ’ ’
Z Pouie)|| Z u
k= VVp,}LH k= W;;’ZM

1

N p P
Hf,?” o T , 1 <p<oo.
2 ¥

h
< M(p) | IDF" llyomn +




148 TWMS J. PURE APPL. MATH., V.6, N.2, 2015

The proof of Theorem 5.19 is based on Theorems 5.4 and 5.14 on a strong positivity of an
elliptic difference operator A7 in Banach space C'[0,1], and L, ,1 < p < 0o, and on Theorem
4.13 on coercive stability of difference scheme (26) and on the following theorem on coercive
stability of difference scheme (26).

Theorem 5.20. [11] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (26) the following coercive stability inequality holds:

li ZnAukHEW ]

k=1

1
;(Uk — Up—1)

Hsp

< M(u) |1|A¢llE,, +

ZukaEM ]

n [17], A. Ashyralyev and N. Yaz investigated the differential operator A* defined by the
formula

d*u
A%u = —a(m)@ + du (32)
with domain
D(A”) = {u € CP0,1] : u(0) = u(p),u'(0) = u'(1),1/2 < p < 1}. (33)

Here a(z) is the smooth function defined on the segment [0,!] and a(z) > a > 0.They proved
the following results.

Theorem 5.21. [17] A” is the strongly positive operator in C'[0,1].

Theorem 5.22. [17] For o € (0, 5), the norms of the space Eo(C[0,1],A®) and the Hélder
space C?*[0,1] are equivalent.

Theorem 5.23. [17] A” is the strongly positive operator in C?*0,1].

Ashyralyev A., Nalbant N. and Sozen Y. considered in [31] the difference operator defined by
formula

U —2ur +u M=l
Ay h— {—a($k) uaR hgk Al + 5uk} ) u = {uk}é”,Mh =1 (34)
1
with ug = up, u1 — ug = uy — un—_1, where £ = [%] , [-] is the greatest integer function. This

operator is a first order of approximation of the differential operator A* defined by formula (32)
with domain D(A%) = {u € C?]0,1] : u(0) = u(p),u'(0) = u'(1),1/2 < p < 1}. They proved the
following results.

Theorem 5.24. [31] A} s the strongly positive operator in C,.

Theorem 5.25. [31] For a € (0, ), the norms of the space Eo(Ch, A¥) and the Hélder space
C,%a are equivalent uniformly in h.

Theorem 5.26. [31] AY s the strongly positive operator in C2%.

In the paper [24], the operator defined by formula

[ a(x) o) sy, (2) —Sus(x)
Au = ( 0 () 222) 4 §ug(z) ) (35)
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with domain

Dm):{<““@):wdmfmm@)ecmﬂﬁn:Lz

uz(x) dx

u1(0) = yui(l), Buz(0) = uz()}
generated by the hyperbolic system of equations with nonlocal boundary conditions was con-
sidered. Let us introduce the Banach space C*[0,l] = C¢[0,1] x C[0,{] (0 < a < 1) of all
uy(z)

uz(x)
for which the following norm is finite

continuous vector functions v = ( ) defined on [0,!] and satisfying a Holder condition

HU”ca[o,Z] = HuHC[O,l]
b ap MEED W@ ) )
z,x+71€[0,]] ’T| z,z+7€[0,]] |T|
7#0 T#0
Here C[0,!] = C[0,I] x C]0,]] is the Banach space of all continuous vector functions u =
( wi(z) ) defined on [0,{] with norm
uz(x)
lullcpo = max u1(@)] + o uz(@)].

The Green’s matrix function of A was constructed. Moreover, applying Green’s matrix function
of A the following results were proved.

Theorem 5.27. [24] A is the positive operator in C|0,1].
Theorem 5.28. [24] For a € (0, ), the norms of the space E,(C[0,1], A) and the Hélder

e’
space C [0,1] are equivalent. Here

8&”z{<ﬁg>eﬂmﬂ:

©(0) =vp(1),0 <y < 1,8(0) = ¥(1),0 < B < 1}.

Theorem 5.29. [24] A is the strongly positive operator in C [0,1].

In applications, we consider the initial-boundary value problem

() 4o (2) 24T 4 S(ut, z) — o(t, @) = filt, ),
0<z<l,0<t<T,
i) _ q(2)202) 4 Go(t,2) = fult, x),
O<z<l,0<t<T, (36)

u(t, 0) = yu(t,1),0 < < 1, Bu(t, 0) = v(t, 1),
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for the hyperbolic system of equations with nonlocal boundary conditions was obtained. Here
a(x) > a >0, (37)
up(x), vo(x), (x € [0,1]), fi(t,x), falt,z), ((t,z) € [0,T] x [0,1]) are given smooth functions and
they satisfy every compatibility conditions which guarantees the problem (36) has a smooth
solution (¢, x) and v(t,x).
For A a positive operator in E the following result was established in papers [45]-[40].

Theorem 5.30. [24] Let A be a positive operator in E. Then the following estimate

Hqu 1A o < MA<k<N/Nr=T (38)

1s satisfied, where M does not depend on 7 and k. Here Rq — 1(2) is the Pade approximation of
exp(—z) near z = 0.

Putting t; = k7 and passing to limit when 7 — 0, we get t; — t and
|exp{—tA} | < M,0<t<T. (39)
We introduce the Banach space C ([0, 7], E) of all continuous abstract vector functions u(t) =

< 518 ) defined on [0, 7] with values in E, equipped with the norm
2

Il e = g, (Ol + s fua(®)l -

Note that the problem (36) can be written in the form as the abstract Cauchy problem

(o )2 ) =(h6) (0
o<t<r (g )= ()

in a Banach space E = C[0,!] with a positive operator A defined by (35). Here ( () > =

fa(t)
( flg’ 3 ) is the given abstract vector function defined on [0, 7] with values in E, < ZO ) =
2(%, 0
()

< 1o > is the element of D(A).
vo()

It is well known that (see, for example [46]) the following formula

< Zég ) = exp{—14]} < o ) +O/texp{(t 5) A} ( ;;8 )ds (41)

gives a solution of problem (40) in C([0,T7], E) for continuously differentiable on [0, 7] vector

function < A(®) > and smooth given element ( 4o > .
f2(t) vo

Theorem 5.31. [24] For the solution of problem (40) the stability inequality holds:

1C, ICOLAG )

The proof of Theorem 5.31 is based on Theorem 5.27 on the positivity of operator A in C[0, ],
on formula (41) and estimate (39).
Applying results of Theorem 5.30 and Theorem 5.31, we get the following theorem.

<M
c([0.7),B)




A. ASHYRALYEV: A SURVEY OF RESULTS IN THE THEORY OF FRACTIONAL ... 151

Theorem 5.32. [24] The solution of problem(36) satisfies the following estimate
max max |u(t,x)| + max max |v(t,x)]
t€[0,T] z€[0,]] t€[0,T] z€[0,]]
<M t t
< M| e Juo()] + mase fvo(@)] + max max |f1(t,z)] + max max [ f>(t, @)

Applying results of Theorems 5.29, 5.30 and 5.31, we get the following theorem.
Theorem 5.33. [24] Assume that

fl(t70) = ’Yfl(tvl)ao < v < 1a ﬂf?(tvo) = fQ(t,l),O < ﬁ < 17t € [OvT]
Then the solution of problem (5) satisfies the following estimate

t —u(t
max | max |u(t,z)|+ max [utt, 2 +7) — ult, z)]
te[0,7] \ z€[0,]] z,2+7€[0,]] |T]™
T#0

t7 B ta
+ max [ max |[v(¢,z)|+ max Ptz +7) = olt, o)
te[0,7] \ z€[0] za+rel0,l] ||

T#0

< 0 | max [uo(@) +  max lup(x + 7) — wo(x)]
z€[0.] wa+7€[0,] ||
7#0

© max [oo(x)| + max lvo(x 4+ 7) — vo(x)]
ze[0,1] z,a+7E[0,] 7|
T#0

t — Ji(t
+ max [ max |fi(¢,z)|+ max [filt,z+7) = f1t, )|
te[0,T] \ z€[0,]] z,z4+7€[0,]] ‘7—’04
T7#0

t — falt
+ max [ max |fa2(¢t,2)|+ max [fa(t,x +7) — fa(t, )]
t€l0,7] \ z€[0,]] z,2+71€[0,]] ||
T#0

In the paper [25], the difference space operator A} defined by the formula

Ul,n—Ul,n—1

a(x,) 22—l 4 Suy —dus

ATyl (#n) == N (42)
0 a(xn) =" 4 dug

M
acting on the space of mesh vector functions v/ = { ( Lm > } defined on [0, {];, satisfying
U2 n—1 ne1
conditions
u1,0 = YU1,M, Bu2,0 = U2 M

was investigated. Let us introduce the Banach spaces C; = C;' x Cff (0 < o < 1) and Cj, =
M

C}, x Cy, of all mesh vector functions u® = { < uul’n ) } defined on
2n—1 n=1
[0,{], ={xn=nh,0<n<M Mh=1}

with following norms
Neg =l

[+l = I
co Ch
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|u1,n+m - ul,n’ ‘u2,n+m - u2,n|

+ sup + sup
1<n<n+m<M (mh’)a 1<k<k+m<M-—1 (mh)a ’
uh‘ = max |uj,|+ max |ugpl.

Cn 1<n<M 0<n<M—1
The Green’s matrix function of A} was constructed. Moreover, applying Green’s matrix function
of A} the following results were proved.

Theorem 5.34. [25] A} s the positive operator in Cp,.

Theorem 5.35. [25] For a € (0, %), the norms of the space Eq(Cy, A}) and the Hélder space

o & SO M
(Ch :{{< wn_l )}nle(ch:

Cy  are equivalent. Here
o =vpm,0 <y < 1,80 =y, 0 < B <1}

o &

Theorem 5.36. [25] A is the strongly positive operator in Cy, .

In applications, for numerical solution of an initial-boundary value problem (36) the following
difference scheme is presented:

k_k
Un"Un + a(xn)un }?n71 + 5(“52 - Uﬁ) = ffn7f{€,n = fl(tk’x”)’

tr =k, xp =nh, 1< k< NNrt=T,1<n< M Mh=I,

k_,k—1 vk ok
Un—"Un  __ a($n+l)% —|—5U7ki = féﬂ’n’féﬁn = fZ(tkvxn)7

T

ty =kr,aon=nh,1 <k<N,Nr=T,0<n<M—1,Mh =1,

ug =yul, 0<y <1, Pug=03,0<F<1,0<k <N,

ud =ug(xy), 02 =wvo(zy), =n=nh,0<n<M Mh=I.

\

We introduce the Banach space C([0,T], FE) of all continuous abstract mesh vector functions

uk M
u” = {uk}gzl = {< u’lﬂn > } defined on

2n k=1

0,7 ={tx =kr,1<k<N,NT =T}
with values in F, equipped with the norm

M M
b {udnf
u u
’{ 1n el ’ 2,n el

Note that the problem (43) can be written in the form as the abstract Cauchy problem

wk_uk-1 \ P N N AR fk Yy N
— ) (U _ 1
( % ) ! Ah { ( Uk ) }kZI { < f2 > }k=1 ’ (44)

k=1

4+ max
g 1<k<N

. _
1™l e o1,y = 158 2

[un
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k
in a Banach space ' = Cj, with a positive operator A} defined by (42) . Here { < ?z > } =
2
1

k M N
{ ( o > } is the given abstract vector function defined on [0, 7], with values in E,
2n—1 n=1
0
< 4o ) = ( g" is the element of D(Aj}). It is well known that the following formula
Un—1 n=1
S\ N £ h
— (] 4+ 7A%)7F 0 I & 7 ATy kti-1 i A5
<Uk) (I+T7A}) <UO>+;(+T;~) g (45)

gives a solution of problem (44) in C([0,T],,E).

Theorem 5.37. [25] For the solution of problem (44) the stability inequality holds:

Yy NV
i )
kl B f2 k=1

The proof of Theorem 5.37 is based on the positivity of operator A}, formula (45) and estimate
(38) . Applying results of Theorem 5.37 and Theorem 5.34 on the positivity of operator A} in

h

a,d H
Cc([0,T]~, ) [0,7]+,E)

Ch, we get the following theorem

Theorem 5.38. [25] The solution of problem(43) satisfy the following estimate

max max |uf|4+ max max |oF]
1<k<N 1<n<M 1<k<N 0<n<M -1

+ max max ‘fécn
1<k<N 0<n<M-1 ’

M (a,0)  max 2|+ max ||+ max max f{cn

n<M 0<n<M—1" """ 1<k<N 1<n<M } '
o «
Applying results of Theorem 5.37 and Theorem 5.36 on the positivity of operator A} in Cj, ,
we get the following theorem

Theorem 5.39. [25] Assume that

flo=1fm 0y <1l Bf5o=fEu0<f<L1<k<N.
Then the solution of problem (43) satisfies the following estimate

|u

k
—u
max | max |[uf|+ sup Hmian‘
1<k<N \ 1<n<M 1<n<n+m<N (mT)

k
v
+ max |Uk|—|- sup w
1<k<N 0<n<M 1 0<n<n+m<M-—1 (mT)

5 0 ‘un-i-m_u%‘
< M(a,6,0) | max W9+ sup mminl

1<n<n+m<N (mT)a

v —v

+ max |00] + sup ’n+m7an‘
0<n<M—1 0<n<n+m<M—1 (mT)

|f{€,n+m_f{§,n|
+ max | max | fln\—l— sup BN

1<k<N \ 1<n<M I<n<ntm<N (M7
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k ‘f§n+m - féc,n’
+ max max | fy, |+ sup Y- —
1<E<N \ 0<n<M-—-1 "7 0<n<nt+m<M—1 (mT)

Note that the positivity of difference operators which are a high order of approximation of the
operator with nonlocal boundary conditions is not studied. Nevertheless structure of fractional
spaces generated by these positive operators is not well-investigated.

6. CONCLUSIONS

In this study, a survey of results in the theory of fractional spaces generated by positive
differential and difference operators is given. Its scope ranges from theory of differential and
difference operators in a space to operators with local and nonlocal boundary conditions. We
also discuss their applications to partial differential equations and theory of difference schemes
for partial differential equations. This paper does not touch upon the results of papers [20] and
[21] on the structure of fractional spaces generated by the neutron transport differential and
difference operators. In this paper we do not discuss results of papers [26]- [30] on the structure
of fractional spaces generated by the second order positive differential operator with periodic
and Neumann conditions and papers [32], [67] structure of fractional spaces generated by the
differential operator of the first order with the nonlocal boundary condition.
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