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GENERALIZED QUATERNIONS AND ROTATION IN 3-SPACE Eiﬂ

MEHDI JAFARI!, YUSUF YAYLI?

ABSTRACT. The paper explains how a unit generalized quaternion is used to represent a rotation
of a vector in 3-dimensional Eiﬁ space. We review of some algebraic properties of generalized
quaternions and operations between them and then show their relation with the rotation matrix.
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1. INTRODUCTION

The quaternions algebra was invented by W.R. Hamilton as an extension to the complex
numbers. He was able to find connections between this new algebra and spatial rotations.
The unit quaternions form a group that is isomorphic to the group SU(2) and is a double
cover of SO(3), the group of 3-dimensional rotations. Under these isomorphisms the quaternion
multiplication operation corresponds to the composition operation of rotations [18]. Kula and
Yayh [13] showed that unit split quaternions in H' determined a rotation in semi-Euclidean
space E%. In [15], is demonstrated how timelike split quaternions are used to perform rotations
in the Minkowski 3-space E$. Rotations in a complex 3-dimensional space are considered in [20]
and applied to the treatment of the Lorentz transformation in special relativity.

A brief introduction of the generalized quaternions is provided in [16]. Also, this subject have
investigated in algebra [19]. Recently, we studied the generalized quaternions, and gave some
of their algebraic properties [7]. It is shown that the set of all unit generalized quaternions
with the group operation of quaternion multiplication is a Lie group of 3-dimension. Their Lie
algebra and properties of the bracket multiplication are looked for. Also, a matrix corresponding
to Hamilton operators that is defined for generalized quaternions is determined a Homothetic
motion in E4 3 [9]. Furthermore, we showed how these operators can be used to describe rotation
in Eé ﬁ[lO]. In this paper, after developing some elementary properties of generalized quaternions,
it is shown how unit generalized quaternions can be used to described rotation in 3-dimensional
space Egﬁ.

2. PRELIMINARIES

Quaternions are hypercomplex numbers used to represent spatial rotations in three dimen-
sions. The basic definition of a real quaternion given in [3, 4] as follows:

Definition 2.1. A real quaternion is defined as
q = ap+ayi+azj + azk
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where ag,a1,a2 and ag are real numbers and 1,1, 5, k of ¢ may be interpreted as the four basic
vectors of Cartesian set of coordinates; and they satisfy the non-commutative multiplication
rules

2 = 2—k2=_1
ij = k=—ji, jk=i=—kj

and

ki= j=—ik, ijk=—1.
The quaternion algebra H is the even subalgebra of the Clifford algebra of the 3-dimensional
Euclidean space. The Clifford algebra CI(E}) = Cly—pyp for the n-dimensional non-degenerate
vector space B} having an orthonormal base {e1, ez, ..., e} with the signature (p,n — p) is the
associative algebra generated by 1 and {e;} with satisfying the relations e;ej + eje; = 0 for i # j

and
2 _ _17 Zf i:1721'“’p
€ = {1, if i=p+1,...,n

The Clifford algebra Cl,,—p, p has the basis{e;,, €i,, ..., €i, : 1 < iy <ig < ... <ip <n} that is the
division algebra of quaternions H is isomorphic with the even subalgebra C’lg{o of the Clifford
algebra Cly o such that Cl{;o has the basis {1,e1ea — i,e9e3 — j,e1es — k}. The conjugate of
the quaternion g = Sq+vy is denoted by g, and defined as ¢ = Sy —vq. The norm of a quaternion
q = (ag, a1,a9,a3) is defined by q7 = Gq = a% +a? + a% + a% and is denoted by N4 and say that
qo = Niqis unit quaternion where g # 0. Unit quaternions provide a convenient mathematical
notation for representing orientations and rotations of objects in three dimensions[20]. One can
represent a quaternion q = ag + a1i + asj + agk by a 2 X 2 complex matriz (with i’ being the
usual complex imaginary);

A— ap+17ar  —t'ar + a9
—i’a1 — ag ag — i’a3
or by a 4 X 4 real matriz
ap —ap —az2 —as
A= | @ @ —a3 a2
az  ag ap —ai

az —az a ag

The Euler’s and De-Moivre’s formulae for the matrix A are studied in [8]. It is shown that
as the De Moivre’s formula implies, there are uncountably many matrices of unit quaternion
A™ = I satisfying for n > 2.

In geometry and linear algebra, a rotation is a transformation in a plane or in space that
describes the motion of a rigid body around a fixed point. There are at least eight methods
used commonly to represent rotation, including: i) orthogonal matrices, ii) axis and angle, iii)
Euler angles, iv) Gibbs vector, v) Pauli spin matrices, vi) Cayley-Klein parameters, vii) Euler
or Rodrigues parameters, and viii) Hamilton’s quaternions [6]. But to use the unit quaternions
is a more useful, natural, and elegant way to perceive rotations compared to other methods.

Theorem 2.1. All the rotation about lines through the origin in ordinary space form a group,
homomorphic to the group of all unit quaternions [2].

If a simple rotation is only in the three space dimensions, i.e. about a plane that is entirely
in space, then this rotation is the same as a spatial rotation in three dimensions. But a simple
rotation about a plane spanned by a space dimension and a time dimension is a "boost”, a
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transformation between two different reference frames, which together with other properties of
spacetime determines the relativistic relationship between the frames. The set of these rotations
forms the Lorentz group [1].

With Cartesian point coordinates in 3-space, a rotation in 3-space about the origin can be
represented by the orthogonal matrix

i1 T2 T13
R=|ra rae rs |,
31 T32 T33
where RRT = I3 and det R = 1. It is known that unit quaternions can represent rotations
about the origin. Wittenburg [21] gives the following conversion formulae. For any unit quater-
nion ¢ the entries of the rotation matrix are

i = 2(af +a?) — 1, ro1 = 2(a1a2 + agas), r31 = 2(araz — agaz)
T2 = 2(&1&2 — a0a3), o9 = 2((1(2) + a%) — 1, r32 = 2(@2&3 — aoag)
13 = 2(&1&3 — aoag), o3 = 2(a2a3 — aoaz), r33 = 2(@% + a%) -1 [5]

Example 2.1. For the unit real quaternion q = % + %(1, —1,0), the rotation matriz is

11 _ 1
2 2 \/i
_ | -1 1 _ 1
Rq — 2 2 \/5 ’
I 0
V2 V2

—~

the awis of this rotation is spanned by the vector (1,—1,0) and the angle of rotation is ¢ = 7.

Definition 2.2. Let u = (u1,us,u3),v = (v1,v2,v3) € R3. If a, 3 € R, the generalized inner
product of u and v is defined by

(u,v) = auv; + Pugvy + afusvs.

It could be written

a 0 0
(w,v) =ul | 0 3 0 |w.
0 0 ap

Also, if « > 0,8 < 0, (u,v) is called the generalized semi-Euclidean inner product. We put
E3ﬂ = (R3, {, >) . The vector product in Egﬂ is defined by

«

Ot aj k
UXv = Uy U U3
V1 Vg U3

= 5(1@1)3 — U3’U2)i + a(u;wl — ulvg)j + (u1v2 — UQ'Ul)k,
where 1 Xj =k, j x k=0, kXxi=qaj.

Special cases:
1. If a =38 =1, then Eiﬁ is an Euclidean 3-space E3.
2. If a=1,8=—1, then Egﬁ is a semi-Euclidean 3-space Fj.

Definition 2.3. A generalized quaternion is an expression of form

q = ap+ ait + azj + ask
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where ag,a1,az and az are real numbers and i, j, k are quaternionic units which satisfy the

equalities

i? = —a, j?=-0, K¥=-a8
ij = k=—ji, jk=pi=—
and
ki=a«aj =—ik, a,0€R.
The set of all generalized quaternions are denoted by H,g. A generalized quaternion q is a sum
of a scalar and a vector, called scalar part, Sy = ag, and vector part Vg = a1i++azj+azk € Riﬁ.

Therefore, H,g forms a 4-dimensional real space which contains the real aris R and a 3-
dimensional real linear space Egﬂ, so that, Hyg = R® Egﬁ.

Special cases:

1) If a = B =1 is considered, then H,g is the algebra of real quaternions [4].

)
2) If a = 1 , 8 = —1 is considered, then H,g is the algebra of split quaternions [13].
3) If a =1, =0 is considered, then H,g is the algebra of semi-quaternions [14].
4) If @« = —1, 3 = 0 is considered, then H,g is the algebra of spht semi-quaternions [12].
5) If a =0, = 0 is considered, then H,s is the algebra of ;—quaternions [11,17].
The multiplication rule for generalized quaternions is deﬁned as

qap = SpSq— (Vg Vp) + SqVp + SpVg + Vp x Vg,

where

Sp = ao, Sq="bo, (Vy,Vp) = aaibi + Bagby + afBasbs,
Vp x Vg = PB(azbs — agbe)i + a(agby — a1bs)j + (a1ba — azby)k.

It could be expressed as

ag —aa; —Pas —afas bo
w= | @ —Baz  Bas by
as «as ao —aay by
a3 —as ay ap b3

Obviously, quaternion multiplication is an associative and distributive with respect to addition
and subtraction, but the commutative law does not hold in general.

Corollary 2.1. H,g with addition and multiplication has all the properties of a number field
expect commutativity of the multiplication. It is therefore called the skew field of quaternions.

The conjugate of the quaternion g = S; + V; is denoted by g and defined as ¢ = S; — V;. The
norm of a quaternion ¢ = (ap, a1, as, az) is defined by N, = |qq| = [qq| = ‘a% + aa? + Ba3 + aﬁa%!
and say that gy = Niq is a unit generalized quaternion where ¢ # 0. The set of unit general-
ized quaternions, GG, with the group operation of quaternion multiplication is a Lie group of
3-dimension. The inverse of ¢ is defined as ¢~ = Niq, Ny, #0.

The scalar product of two generalized quaternions ¢ = Sy + V; and p = S, + V), is defined as

<Q7p> —SS +<V;17V> Spq
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Also, using the scalar product we can defined an angle A\ between two quaternions ¢,p to be

such
Spq

vV Np/ Ny '
Definition 2.4. A matriz Asys is called a quasi-orthogonal matriz if ATeA =¢ and det A =1
where

COS A\ =

a 0 0
e=|10 6 0 |,
0 0 apf

and a, 3 € R — {0}.The set of all quasi-orthogonal matrices with the operation of matriz
multiplication is called rotation group in 3-space Egﬁ.

Definition 2.5. A matriz

0 —fBsz Ps2
S3><3 = (6K 0 — QS
—S892 S1 0
is called a generalized skew-symmetric matriz if STe = —eS where
a 0 0
e=|10 6 0 |,
0 0 apf

and o, f € R —{0}.
3. RELATIONSHIP OF GENERALIZED QUATERNION TO ROTATION

In this section, we show that a unit generalized quaternion represents a rotation in 3-space
Eiﬁ. Let ¢ be a unit generalized quaternion. The map ¢ acting on a pure quaternion w:

¢ : Els—Ely  ow)=qug

is a 3D vector, a length-preserving function of 3D vectors, a linear transformation and does

not have a reflection component. Since Egﬂ = span{i,j, k} and if ¢ = ap + ari + azj + ask € G
then

(i) = (a2 + ad? — Ba3 — afal)i+ 2a(aras + apas) j + 2(aayaz — agas)k,
©(j) = 2B(aras — agas)i+ (a3 — aa? + Ba3 — afBal) j + 2(Basasz + apar )k,
(k) = 2B(apas + aaiaz)i + 20(Bazaz — apay) j + (a2 — aa? — Ba3 + afal)k.
So that the matrix representation of the map ¢ is
ag + aa% — ﬂa% — aﬁag 2B(araz — apas) 2B(apaz + aaias)
M = 2a(aras + agag) at — aa} + Bai — afa3 2a(Pagas — apay)
2aa; a3 — 2a0a 2Bascz + 2a9aq at — aa? — Ba3 + afa?

We investigate matrix M in two different cases.
Case 1: Let «, 3 are positive numbers.

Theorem 3.1. Let g be a unit generalized quaternion, then the matriz M can be written as

Mgy =1, +sing S+ (1 — cos ¢)S?, (1)

where ¢ is a elliptic, such that cos% = ag, sin% = \/aa% + ﬂa% + aﬁa%, and S is a generalized
skew-symmetric matriz. The formula (1.1) known as Rodrigues rotation formula.
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Proof. Every unit generalized quaternion ¢ = ag + a1? + asj + azk can be written in polar form

q =cos— + Ssin —
2 2’
then the matrix M can be written as
M =
cos? ? + (as? — Bs2 — aBs?) sin % 23(s152 sin? Q — 83 COS % sin 42)) 26(as1 52 sin? % — 82 COS % sin %)
204(5132 sin? ¢ + s3 cos % sin %) cos? ‘; + (—asl + [352 — aﬁsg) sin % 2a(Bs2s3 sin? % — 51 COS g sin %)
2(as183 sin? Q — S2 COS % sin ‘5) 2(Bs2s3 sin? % + $1 cos % sin %) cos? & + (—as? — Bs3 + afs2) sin? %
(ozs1 Bs2 — oz,@s3 — 1) sin % 2[35152 sin® 2 — Bs3sin¢ 2Bas1 s2 sin? ¢ — (Bsg cos & 51n¢>
=13+ 2cvs1 89 sin? ¢ + aisg sin ¢ (— asl + ,852 — oeﬂs3 —1)sin % 20465253 sm2 ¢ + asy sm(b ,
2a:s1 83 sin? ¢ — s8in @ 285253 sin? % + s1sin ¢ (— asl ,882 + ozﬁs3 + 1) sin %
: 2 ¢> — 2 2 2 _
with used of 2sin” § = 1 — cos ¢ and ast + fs5 + afsg = 1, we have
2 2
0  —fBsz [s2 —afsz — fs; Bs152 afs183
M = I3+sin¢ | ass 0 —asy | +(1—cos @) Q8189 —as? —afs? (163283
—S9 s1 0 S1S3 35953 —ozs1 552
so, proof is complete. O

Special case:

For the case a = 8 = 1, we have M = (Mp) for real quaternion H. My is a orthogonal
matrix, then the map ¢ corresponds to a rotation in E3. If we take the rotation axis to be
S = (s1, 82, 53), then the Rodrigues rotation formula is

Mpg = I3+ Ssinf + (1 — cos§)S?

where S is a skew-symmetric matrix,

S = s3

Theorem 3.2. Let q be a unit generalized quaternion. Then M is a quasi-orthogonal matriz,

i.e. MTeM = ¢ and det M = 1 where

¢

Corollary 3.1. Let q = cos% + Ssing be a unit generalized quaternion.

P(w) = qwg™*

3-space Egﬁ.

Example 3.1. Let q 7 +3(=

et
18
1
2
= | M
M 2\/13
V2B

VB
2

)—lt\')\»aé

s

VB
V2

Va

0

2

Case 2. Let a be a positive number and 3 be a negative number.

The linear map
represent a rotation of the original vector w by an angle ¢ around the axis S in

T ,0) be a unit generalized quaternion. The rotation matriz

)
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Theorem 3.3. Let q be a unit generalized quaternion and the norm of its vector part is negative.
i.e. sy + (53 + afs3 <0, then the matriz M can be written as

Mg,y = Is + sinh ¢C + (=1 + cosh ¢)C?,

where is a hyperbolic angle, such that cosh ¢ = ag, sinh ¢ = \/—as% — Bs3 — aﬂs% and C'is a
generalized skew-symmetric matrix.

Proof. Every unit generalized quaternion ¢ = ag + a1 + asj + ask can be written in polar form

¢

qzcosh%—i—Csinhi,

then the matrix M can be written as

M=
cosh? % + (ac? — Be3 — afc2) sinh? % 26(c1c2 sinh? % — c3 cosh % sinh %) 283(cey c3 sinh? % + ¢ cosh % sinh 2)
2a(cyco sinh? % + ¢3 cosh % sinh %) cosh? % + (—ac? + Bck — afc?) sinh? % 2a(Bcac3 sinh? % + ¢1 cosh § sinh %)
2(acyc3 sinh? % — cg cosh % sinh g) 2(Bcacs sinh? % + ¢1 cosh % sinh %) cosh? % + (—ac? — Bed + afc) sinh? %

(ae? — B2 — aﬂc%) sinh? % 2f¢1 ¢ sinh? % — Bcs sinh ¢ 2a8¢q c3 sinh? % + Bea sinh ¢
=1I3+ | 2acicysinh? % + acs sinh ¢ (—ac% + Bc% - aﬁc§ + 1) sinh? % 2a8cac3 sinh? % + aci sinh ¢
2ac; cg sinh? % — co sinh ¢ 2f¢cac3 sinh? % + c1 sinh ¢ (70405 — Bcg + aﬁcg +1) sinh? %

with used of 2 sinh? % = —1+ cosh ¢ and ac? + Bc3 + aﬁc% = —1, we have

0 —Bcg  Pe2
M = I3 +sinh¢ | acs 0 —acy | +
—C9 C1 0
—afc3 — B3 Beiez afcics
+(—1+ cosh ¢) acicy —acd? — afici afcacs ,
acics Beacs —ac? — ek
so, proof is complete. O

Corollary 3.2. Let q = cosh% + Csinh% be a unit generalized quaternion. The linear map
o(w) represents a rotation of the original vector w by an angle ¢ around the azxis C' in 3-space
E3,.

af

Example 3.2. Let g = 2+ %(0, 1,1) be a unit generalized quaternion and « =1, 3 = —2. The

rotation matriz s
3 2V2 22
M= V2 2 -1
-2 -1 2

1 0 0
M is a quasi-orthogonal matriz, i.e., MTeM = ¢ and det M = 1, wheree = | 0 —2 0
0 0 =2

and therefore it represents a rotation in 3-space Ei_z. The axis of this rotation is spanned by the
vector (0, %, %) and the hyperbolic angle of rotation is 2¢, such taht cosh ¢ = /2 and sinh ¢ = 1.

Theorem 3.4. Let g be a unit generalized quaternion and the norm of its vector part is positive,
i.e. aat + Ba3 + afa > 0, then the matriz M can be written as

Mgy = I3+singS+ (1—cos ¢)S?,
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where ¢ is a hyperbolic angle, such taht cos% = ap, S; sin% = \/oza% + Ba3 — aﬁa%, and S is a
skew-symmetric matrix.

Proof. The proof is similar to the proof of Theorem 3.1. |

Special case: For the case a = 1,3 = —1, we have M (= Mpyy) for split quaternion H'. My is
a semi-orthogonal matrix, then the map ¢ corresponds to a rotation in E?
The Rodrigues rotation formula is as follows: 4. If the rotation axis C' = (¢, ¢, ¢) is timelike,

My = Is 4 sin0C + (1 — cos 6)C?,
ii. If the rotation axis C' = (¢, ¢, ¢) is spacelike,

My = I3 + (sinhy)C + (—1 + cosh y)C?,

where C is a skew-symmetric matrix, i.e. C7 = —xC'x and
0 C3 —C9 -1 0 0
C = C3 0 —C1 , X = 0 1 0
—c2 a0 0 01

That is, kind of rotation matrix in the Minkowski space depends on the rotation axis.

Example 3.3. Let ¢ = g + (1,0, %) be a unit generalized quaternion and o = 1,8 = —2. The
rotation matrix is
2 V2 =2y

M=|¥2 0 -2
1 V2 -1

M is a quasi-orthogonal matriz, i.e., MTeM = ¢ and det M = 1 where

1 0 0
e=(0 =2 0
0O 0 -2

and therefore it represents a rotation in 3-space Ei_Q. The unit quaternion q represents rotation

through an angle 90 about the axis S = (%,O, %) .
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